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O
u
tlin

e

1.
In

tro
d
u
ction

•
H

eav
y

tails

•
C

oin
tegration

2.
A

sy
m

p
totics

•
C

on
vergen

ce
to

stab
le

law
s

an
d

p
ro

cesses

•
A

sy
m

p
totics

for
M

-estim
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u
n
d
er

coin
tegration

•
O

p
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le

d
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u
tion
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F
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1
.

IN
T

R
O

D
U

C
T

IO
N

T
im

e
s
e
r
ie

s
a
n
a
ly

s
is

w
ith

h
e
a
v
y

ta
ils

•
M

an
d
elb

rot
(1963,

1967)
an

d
F
am

a
(1965)

ob
served

th
at

d
istrib

u
tion

s
of

sto
ck

retu
rn

s
are

often
h
eav

y
tailed

w
ith

p
ossib

ly
in

fi
n
ite

varian
ce.

•
S
in

ce
th

at
tim

e,
th

ere
h
as

b
een

ex
ten

sive
w

ork
on

ex
am

in
in

g

th
e

p
lau

sib
ility

of
th

e
in

fi
n
ite

varian
ce

m
o
d
el.

•
P

h
ilosop

h
ical/m

o
d
elin

g
q
u
estion

:
A

re
varian

ces
in

fi
n
ite

or

fi
n
ite

w
ith

sto
ch

astic
h
eterosced

asticity
?



0
1000

2000
3000

4000
5000

6000

4.4 4.6 4.8 5.0 5.2 5.4 5.6

day

ln(YEN/USD)

Y
e
n

p
e
r

U
S

d
o
lla

r
e
x
ch

a
n
g
e

ra
te

:
D

e
c

1
9
7
8

to
A

p
r

2
0
0
5



•
A

p
artial

list
of

research
in

th
is

area
in

clu
d
es:

–
S
tation

ary
tim

e
series:

D
av

is
&

R
esn

ick
(1995,

1996),
D

av
is,

K
n
igh

t
&

L
iu

(1992),
A

n
d
erson

&
M

eersch
aert

(1997).

–
U

n
it

ro
ot

testin
g:

C
h
an

&
T
ran

(1989),
K

n
igh

t
(1989),

P
h
illip

s
(1990),

R
ach

ev
,
M

ittn
ik

&
K

im
(1998),

H
asan

(2001),
A

h
n
,
F
otop

ou
los

&
H

e
(2001),

S
am

arako
on

&

K
n
igh

t
(2006).

–
C

oin
tegration

testin
g:

C
an

er
(1998),

P
au

lau
skas

&
R

ach
ev

(1998).

–
A

p
p
lication

s:
K

o
ed

ijk
an

d
K

o
ol

(1992),
F
alk

an
d

W
an

g

(2003),
C

h
arem

za,
H

ristova
&

B
u
rrid

ge
(2005),

K
irm

an
an

d

T
ey

ssière
(2005).



•
C

lassical
estim

ation
p
ro

ced
u
res

(ty
p
ically

b
ased

on
th

e

assu
m

p
tion

of
n
orm

ally
d
istrib

u
ted

in
n
ovation

s)
p
erform

reason
ab

ly
w

ell
u
n
d
er

n
on

-n
orm

al
n
oise

con
d
ition

s
(w

h
en

u
sed

carefu
lly

).

–
F
or

in
tegrated

an
d

coin
tegrated

p
ro

cesses,
least

sq
u
ares

con
vergen

ce
rates

are
eq

u
al

for
fi
n
ite

an
d

in
fi
n
ite

varian
ce

n
oise.

•
B

u
t

....
w

e
can

im
p
rove

on
least

sq
u
ares,

often
su

b
stan

tially.

–
Isolated

large
sh

o
ck

s
to

a
sy

stem
p
rov

id
e

p
oten

tially
a

lot
of

in
form

ation
on

th
e

sy
stem

d
y
n
am

ics.

–
P
oten

tially
faster

con
vergen

ce
rates.



E
x
a
m

p
le

:
A

R
(1)

p
ro

cess
w

ith
in

fi
n
ite

varian
ce

errors

•
D

efi
n
e
X

t
=
φ
X

t−
1
+
ε
t .

•
E

stim
ate

φ
b
y

regressin
g
X

t
on

X
t−

1 .

•
If

stan
d
ard

asy
m

p
totics

carry
over,

w
e

sh
ou

ld
b
e

ab
le

to

estim
ate

φ
so

th
at

φ̂
n
−
φ

=
O

p 

(
n
∑t
=

2

X
2t−

1 )
−

1
/
2 

•
T

h
u
s

w
e

sh
ou

ld
h
ave

faster
con

vergen
ce

rates
for

in
fi
n
ite

varian
ce
{ε

t }
sin

ce
∑
X

2t−
1

is
in

creasin
g

at
a

faster
rate

in
th

is

case.

•
B

u
t

...
least

sq
u
ares

estim
ation

d
o
es

n
ot

gen
erally

p
ro

d
u
ce

th
e

fastest
p
ossib

le
rate

of
con

vergen
ce.



W
h
a
t

is
c
o
in

te
g
r
a
tio

n
?

•
A

u
n
ivariate

sto
ch

astic
p
ro

cess
{X

t }
is

in
te

g
r
a
te

d
if

it
is

n
on

-station
ary

b
u
t

its
fi
rst

d
iff

eren
ces

∇
X

t
=
X

t
−
X

t−
1

are

station
ary.

•
If
{X

t }
an

d
{Y

t }
are

b
oth

in
tegrated

th
en
{(X

t ,Y
t )}

are

c
o
in

te
g
r
a
te

d
if
{X

t
+
a
Y

t }
is

station
ary

for
som

e
a
.

•
If
{
X

t }
is

a
vector

p
ro

cess
w

h
ose

elem
en

ts
are

all

n
on

-station
ary

th
en

it
is

coin
tegrated

if
{
a
>

X
t }

is
station

ary

for
som

e
a

(called
a

coin
tegration

vector).

•
E

con
om

ic
in

terp
retation

:
in

d
iv

id
u
al

variab
les

b
eh

ave
like

ran
d
om

w
alk

s
b
u
t

are
collectively

in
eq

u
ilib

riu
m

.



T
e
s
tin

g
fo

r
c
o
in

te
g
r
a
tio

n
:

T
w

o
b
asic

ap
p
roach

es

•
F
in

d
an

estim
ator

â
of

a
(for

ex
am

p
le,

u
sin

g
regression

)
an

d

test
if
{
â
>

X
t }

is
station

ary.

–
F
or

ex
am

p
le,

u
se

a
D

ickey
-F

u
ller

test
(or

oth
er

u
n
it

ro
ot

test)
on

{
â
>

X
t }.

•
A

ssu
m

e
a

p
aram

etric
m

o
d
el

(for
ex

am
p
le,

V
A

R
)

for
{
X

t }
an

d

test
for

coin
tegration

w
ith

in
th

at
m

o
d
el.



•
A

ssu
m

e
a

V
A

R
(k

)
m

o
d
el

for
{
X

t };
w

e
w

ill
w

rite
th

is
in

its

error
correction

form

∇
X

t
=

Π
X

t−
k

+
Φ

1 ∇
X

t−
1

+
···+

Φ
k
−

1 X
t−

k
+

1
+

ε
t .

•
W

e
w

ill
assu

m
e

th
at

th
e

com
p
on

en
ts

of
{
ε

t }
h
ave

in
fi
n
ite

varian
ce,

eith
er

–
in

th
e

d
om

ain
of

attraction
of

a
m

u
ltivariate

stab
le

law
,
or

–
in

th
e

d
om

ain
of

attraction
of

an
op

erator
stab

le
law

.

•
If
{∇

X
t }

is
station

ary,

–
Π

=
0

im
p
lies

th
at
{
X

t }
is

in
tegrated

b
u
t

n
ot

coin
tegrated

;

–
Π

h
as

fu
ll

ran
k

im
p
lies

th
at
{
X

t }
is

station
ary

;

–
Π
6=

0
b
u
t

less
th

an
fu

ll
ran

k
im

p
lies

th
at
{
X

t }
is

coin
tegrated

.



•
G

ran
ger

rep
resen

tation
of
{
X

t }:

X
t
=

X
0

+
A
{
B
>

(I
−

Φ
1
−
···−

Φ
k
−

1 )A
}
−

1
B
>

t
∑u
=

1

ε
t
+

ζ
t

w
h
ere

–
{
ζ

t }
is

station
ary

;

–
B
>

Π
=

Π
A

=
0

for
m

ax
im

al
ran

k
m

atrices
A

an
d
B

.

•
{
X

t }
lo

ok
s

like
a

ran
d
om

w
alk

in
r

=
ran

k
(A

)
=

ran
k
(B

)

d
im

en
sion

s.

–
Π

fu
ll

ran
k
:
A

=
B

=
0,

X
t
=

X
0

+
ζ

t .

–
Π

=
0:
A

=
B

=
I
,

X
t
=

X
0

+
(I
−

Φ
1
−
···−

Φ
k
−

1 )
−

1

t
∑u
=

1

ε
t
+

ζ
t



•
D

efi
n
e

th
e

coin
tegration

sp
ace

of
{
X

t }:

C
=
{
a

:
{
a
>

X
t }

is
station

ary
}

C
is

sim
p
ly

th
e

row
sp

ace
of

Π
.

•
C

oin
tegration

ran
k

is
d
eterm

in
ed

essen
tially

b
y

fi
n
d
in

g
go

o
d

low
er

ran
k

ap
p
rox

im
ation

s
to

an
u
n
con

strain
ed

(an
d

ty
p
ically

fu
ll

ran
k
)

estim
ator

of
Π

.

–
S
tart

b
y

testin
g
H

0
:
Π

=
0.

•
F
in

ite
varian

ce
errors:

lo
ok

at
can

on
ical

correlation
s

b
etw

een

{∇
X

t }
an

d
{
X

t−
k },

ad
ju

sted
for

X
t−

1 ,···,X
t−

k
+

1 .

–
J
oh

an
sen

(1988,
1991,

...)
d
evelop

s
asy

m
p
totic

d
istrib

u
tion

th
eory.



•
W

e
w

ill
con

sid
er

com
p
on

en
t-b

y
-com

p
on

en
t

M
-estim

ators
of

th
e

p
aram

eters
in

th
e

m
o
d
el.

•
D

efi
n
e
Y

t
to

b
e

an
arb

itrary
com

p
on

en
t

of
∇
X

t .

•
O

u
r

M
-estim

ators
m

in
im

ize

n
∑t
=

k
+

1

ρ
(Y

t
−

X
>t−

k
π
−
∇
X
>t−

1 φ
1
−
···−

∇
X
>t−

k
+

1 φ
k
−

1 )

over
som

e
ap

p
rop

riate
sp

ace
w

h
ere

ρ
is

a
con

vex
fu

n
ction

in
creasin

g
slow

er
th

an
x

2.

•
T

h
ese

estim
ators

can
b
e

“stacked
”

to
give

estim
ators

of
Π

,

Φ
1 ,···,Φ

k
−

1 .



2
.

A
S
Y

M
P

T
O

T
IC

S

S
ta

b
le

la
w

s
a
n
d

p
r
o
c
e
s
s
e
s

•
A

ssu
m

e
th

at
th

e
in

n
ovation

s
{
ε

t }
to

lie
in

th
e

d
om

ain
of

attraction
of

a
m

u
ltivariate

stab
le

law
w

ith
in

d
ex

α
∈

(0,2).

•
T

h
is

m
ean

s
th

at

P
(‖

ε
t ‖
>
x
)

=
x
−

α
L

(x
)

w
h
ere

L
is

a
slow

ly
vary

in
g

fu
n
ction

,
an

d
for

u
n
it

vectors
a
,

lim
x
→
∞

P
(‖

ε
t ‖
>
x
,ε

t /‖
ε

t ‖
∈
A

)

P
(‖

ε
t ‖
>
x
)

=
ν
(A

)

for
som

e
m

easu
re
A

.

•
N

ote
th

at
th

is
assu

m
p
tion

is
q
u
ite

restrictive
—

it
im

p
lies

th
e

sam
e

tail
in

d
ex

in
every

d
irection

.



•
U

n
d
er

th
ese

assu
m

p
tion

s,
w

e
h
ave

a
−

1
n

n
∑t
=

1 (ε
t
−

b
n
)

d
−
→

S
α

w
h
ere

S
α

is
an

α
-stab

le
ran

d
om

vector.

•
a

n
=
n

1
/
α
L
∗(n

)
w

h
ere

L
∗

is
an

oth
er

slow
ly

vary
in

g
fu

n
ction

.

•
W

e
w

ill
assu

m
e

in
th

is
talk

th
at

b
n

=
0

(i.e.
n
o

d
rift).

–
W

h
en

α
>

1,
th

is
m

ean
s
E

(ε
t )

=
0
.

–
W

h
en

α
<

1,
w

e
can

alw
ay

s
set

b
n

=
0
.



•
D

efi
n
e

th
e

tw
o

p
artial

su
m

p
ro

cesses

S
n
(u

)
=
a
−

1
n

b
n

u
c

∑t
=

1

ε
t

an
d

W
n
(u

)
=
n
−

1
/
2

b
n

u
c

∑t
=

1

φ
(ε

t ).

w
h
ere

E
[φ

(ε
t )]

=
0

an
d
E

[φ
2(ε

t )]
<
∞

.

•
S

n
an

d
W

n
con

verge
w

eak
ly

to
in

d
ep

en
d
en

t
p
ro

cesses
(R

esn
ick

an
d

G
reen

w
o
o
d
,
1979):

–
S

n
d
−
→

S
α
,
a

stab
le

p
ro

cess;

–
W

n
d
−
→
W

,
a

B
row

n
ian

m
otion

.



A
s
y
m

p
to

tic
s

fo
r

M
-e

s
tim

a
tio

n

•
A

sy
m

p
totic

d
istrib

u
tion

th
eory

for
estim

ators
of

Π
com

b
in

es

th
e

tech
n
iq

u
es

u
sed

in

–
D

av
is

e
t
a
l.

(1992)
for

station
ary

A
R

p
ro

cesses,

–
K

n
igh

t
(1989,

1991)
for

th
e

u
n
it

ro
ot

A
R

(1)
p
ro

cess,
an

d

–
S
am

arako
on

&
K

n
igh

t
(2006)

for
gen

eral
u
n
it

ro
ot

tests.

•
T

h
e

asy
m

p
totics

d
ep

en
d

on
w

h
eth

er
w

e
d
o

u
n
con

strain
ed

m
in

im
ization

or
m

in
im

ize
over

π
∈
C
⊥

.

–
u
n
con

strain
ed

:
p
oin

t
p
ro

cess
(i.e.

n
on

-stan
d
ard

)

asy
m

p
totics.

–
con

strain
ed

:
m

ore
classical

asy
m

p
totics

in
volv

in
g

a
stab

le

p
ro

cess
an

d
a

B
row

n
ian

m
otion

.



W
h
a
t

a
r
e

th
e

r
e
g
u
la

r
ity

c
o
n
d
itio

n
s
?

•
{
ε

t }
are

in
th

e
d
om

ain
of

attraction
of

a
stab

le
law

w
ith

in
d
ex

α
∈

(0,2)
w

ith
b

n
=

0;

•
ρ

is
a

con
vex

fu
n
ction

w
ith

d
erivatives

ψ
=
ρ
′
an

d
ψ
′
=
ρ
′′

satisfy
in

g

|ψ
(x

+
y
)
−
ψ

(x
)|

≤
K

1 |y
| δ

1
an

d

|ψ
′(x

+
y
)
−
ψ
′(x

)|
≤

K
2 |y
| δ

2

w
h
ere

δ
1
>

m
ax
{2(α

−
1)/α

,0},
δ
2
>

0,
an

d
K

1 ,
K

2
are

p
ositive

con
stan

ts;

•
E

[ψ
(ε

ti )]
=

0,
E

[ψ
2(ε

ti )]
<
∞

,
an

d
0
<
E

[ψ
′(ε

ti )]
<
∞

w
h
ere

ε
t
=

(ε
t
1 ,···,ε

tp )
>

.



R
e
s
u
lts

:
F
o
cu

s
on

estim
ation

of
Π

w
ith

row
s

con
strain

ed
to
C
⊥

.

•
If

w
e

m
in

im
ize

over
π
∈
C
⊥

th
en

n
1
/
2a

n
A
>

Π̂
>n

d
−
→

(∫
1

0

A
>

S
α
(s)S

>α
(s)A

d
s )

−
1 (∫

1

0

A
>

S
α
(s)

d
W

>
(s) )

Γ
−

1

w
h
ere

–
colu

m
n
s

of
A

are
an

orth
on

orm
al

b
asis

for
C
⊥

;

–
W

is
a

zero-m
ean

G
au

ssian
p
ro

cess
w

ith

E
[W

(s
1 )W

>
(s

2 )]
=

m
in

(s
1 ,s

2 )Σ
,

Σ
=

(C
ov

[ψ
(ε

ti ),ψ
(ε

tj )] )
;

–
Γ

=
d
iag(E

[ψ
′(ε

t
1 )],···,E

[ψ
′(ε

tp )]).

•
F
aster

con
vergen

ce
th

an
L
S
:
O

p (n
−

1
/
2a
−

1
n

)
v
s
O

p (n
−

1).



•
G

iven
Γ̂

n
an

d
Σ̂

n
con

sisten
t

estim
ators

of
Γ

an
d

Σ
th

en

T
n

=
Υ
>n

(
Π̂

n
A
)
>
(
Γ̂

n
Σ̂
−

1
n

Γ̂
n )
(
Π̂

n
A
)

Υ
n

d
−
→
W

r (p
,I

),

a
stan

d
ard

W
ish

art
d
istrib

u
tion

w
ith

r
=

d
im

(C
⊥

)
w

h
ere

Υ
n
Υ
>n

=
A
>

(
n
∑t
=

k
+

1

X
t−

k
X
>t−

k )
A
.

•
T
o

test
H

0
:
C

=
C
0 ,

u
se

test
statistics

b
ased

on
th

e
eigen

valu
es

of
T

n
w

h
ose

asy
m

p
totic

d
istrib

u
tion

th
eory

is
relatively

straigh
tforw

ard
.

•
In

con
trast,

th
e

“classical”
(i.e.

fi
n
ite

varian
ce)

asy
m

p
totic

th
eory

is
m

u
ch

m
ore

com
p
licated

.



•
N

o
u
n
iform

ly
op

tim
al

test
statistic

b
ased

on
th

e
eigen

valu
es

of

T
n

ex
ists.

•
T

w
o

n
atu

ral
p
ossib

ilities:
m

ax
im

u
m

eigen
valu

e
an

d
trace.

•
M

ax
im

u
m

eigen
valu

e
statistic:

su
ggests

a
n
ew

su
b
sp

ace
to

b
e

ad
d
ed

to
C
0 .

–
L
im

itin
g

d
istrib

u
tion

can
b
e

evalu
ated

an
aly

tically,
alb

eit

p
ain

fu
lly

(M
u
irh

ead
,
1982)

or
v
ia

sim
u
lation

.

•
T
race

statistic:
m

ore
of

an
om

n
ib

u
s

test.

–
χ

2
lim

itin
g

d
istrib

u
tion

.



N
o
te

:
T

h
is

latter
asy

m
p
totic

resu
lt

d
o
es

n
o
t
d
ep

en
d

on
α
.

Q
u
e
s
tio

n
:

C
an

w
e

w
eaken

th
e

assu
m

p
tion

on
{
ε

t }
so

th
at

th
is

resu
lt

still
h
old

s?

•
W

e
w

an
t

to
allow

p
ro

jection
s

of
ε

t
to

h
ave

d
iff

eren
t

tail
in

d
ices.

•
R

ep
lace

n
orm

alizin
g

con
stan

ts
{a

n
}

b
y

n
orm

alizin
g

m
atrices

{∆
n
}.

S
o
lu

tio
n
:

C
on

sid
er

d
om

ain
s

of
attraction

of
op

erator
stab

le
law

s.



E
x
a
m

p
le

:
{X

i },
{Y

i }
i.i.d

.
seq

u
en

ces
w

ith
E

(X
i )

=
0,
E

(X
2i
)
=

1,

Y
i
∼

C
au

ch
y
.

•
D

efi
n
e

U
i
=


X

i
+
Y

i

X
i
−
Y

i


.

•
E

lem
en

ts
of

U
i

are
in

th
e

d
om

ain
of

attraction
of

a
C

au
ch

y

d
istrib

u
tion

an
d

1n

n
∑i
=

1

U
i

d
−
→


Y

0

−
Y

0



w
h
ere

Y
0
∼

C
au

ch
y
.

•
T

h
e

lim
itin

g
d
istrib

u
tion

is
con

cen
trated

on
a

on
e-d

im
en

sion
al

su
b
sp

ace
of
R

2.



•
W

e
get

a
m

ore
in

terestin
g

lim
itin

g
d
istrib

u
tion

b
y

n
orm

alizin
g

th
e

p
artial

su
m

b
y

m
atrices.

•
D

efi
n
e

∆
n

=


n

1
/
2

n

n
1
/
2

−
n



•
T

h
en

∆
−

1
n

n
∑i
=

1

U
i

d
−
→


X

0

Y
0



w
h
ere

X
0

an
d
Y

0
are

in
d
ep

en
d
en

t,
X

0
∼
N

(0,1)
an

d

Y
0
∼

C
au

ch
y
.



W
h
a
t

a
r
e

o
p
e
r
a
to

r
s
ta

b
le

la
w

s
?

•
L
im

its
of

p
artial

su
m

s
are

op
erator

stab
le

law
s
P

E
,
w

h
ere

th
e

in
d
ex

E
is

a
m

atrix
.

•
If

U
1 ,···,U

n
are

i.i.d
.
P

E
th

en
for

som
e

b
n
,

n
−

E
n
∑i
=

1

U
i
−

b
n
∼
P

E

w
h
ere

n
−

E
=

ex
p
[−
E

ln
(n

)]
=

∞∑k
=

0

(−
1)

k
ln

k(n
)E

k

k
!

.

•
C

an
on

ical
form

of
th

e
ch

aracteristic
fu

n
ction

w
as

given
b
y

S
h
arp

e
(1969).

•
A

p
p
lication

s:
M

eersch
aert

&
S
ch

effl
er

(2000,
2001).



•
T

h
e

m
atrix

E
h
as

eigen
valu

es
λ

1 ,···,λ
p

w
ith

R
e(λ

j )
≥

1/2.

•
R

e(λ
j )

(j
=

1,···,p
)

p
lay

th
e

role
of

1/α
:

–
If

R
e(λ

j )
>

1/2
for

all
j

th
en

P
E

is
an

in
fi
n
ite

varian
ce

op
erator

stab
le

law
.

–
R

e(λ
j )

=
1/2

corresp
on

d
s

to
a

G
au

ssian
com

p
on

en
t

th
at

is

in
d
ep

en
d
en

t
of

th
e

in
fi
n
ite

varian
ce

com
p
on

en
ts.

•
P

E
m

u
st

n
o
t
b
e

con
cen

trated
on

a
low

er
d
im

en
sion

al

h
y
p
erp

lan
e.

–
A

low
er

d
im

en
sion

al
p
ro

jection
of

an
op

erator
stab

le

d
istrib

u
tion

is
n
ot

n
ecessarily

op
erator

stab
le.

–
B

u
t

...
on

e-d
im

en
sion

al
p
ro

jection
s

h
ave

p
oten

tially

d
iff

eren
t

tail
in

d
ices.



•
A

n
i.i.d

.
seq

u
en

ce
{
U

i }
is

in
th

e
d
om

ain
of

attraction
of
P

E
if

th
ere

ex
ists

a
seq

u
en

ce
of

m
atrices

{∆
n
}

an
d

vectors
{
b

n
}

su
ch

th
at

∆
−

1
n

n
∑i
=

1

U
i
−

b
n

d
−
→
P

E
.

–
{∆

n
}

is
regu

larly
vary

in
g

in
th

e
follow

in
g

sen
se:

lim
n
→
∞

∆
b
s
n
c ∆

−
1

n
=
s

E
for

each
s
>

0.

•
If

th
ere’s

n
o

G
au

ssian
com

p
on

en
t

th
en

for
an

y
set

D
b
ou

n
d
ed

aw
ay

from
0
,
w

e
h
ave

lim
n
→
∞
n
P

(∆
−

1
n

U
i
∈
D

)
=
φ
(D

)



E
x
a
m

p
le

:
U

se
∆

n
from

earlier
ex

am
p
le:

∆
b
s
n
c ∆

−
1

n
=

12


s
1
/
2
+
s

s
1
/
2
−
s

s
1
/
2
−
s

s
1
/
2

+
s



•
T

h
e

eigen
valu

es
of

∆
b
s
n
c ∆

−
1

n
are

s
1
/
2

an
d
s

an
d

th
e

eigen
vectors

are
(1,±

1)
>

so
th

at

∆
b
s
n
c ∆

−
1

n
=
s

E

w
h
ere

E
=


3/4

−
1/4

−
1/4

3/4



h
as

eigen
valu

es
1/2

an
d

1.



A
p
p
lic

a
tio

n
to

c
o
in

te
g
r
a
tio

n

•
R

ecall
G

ran
ger

rep
resen

tation
of
{
X

t }:

X
t
=

X
0

+
A
{
B
>

(I
−

Φ
1
−
···−

Φ
k
−

1 )A
}
−

1
B
>

t
∑u
=

1

ε
t
+

ζ
t

w
ith

{
ζ

t }
station

ary.

•
A

ssu
m

e
th

at
{B

>
ε

t }
lie

in
th

e
d
om

ain
of

attraction
of

an

op
erator

stab
le

d
istrib

u
tion

:

Λ
−

1
n

n
∑t
=

1

B
>

ε
t

d
−
→

V
∼
P

E

for
som

e
E

an
d

som
e

seq
u
en

ce
of

m
atrices

{Λ
n
}.

•
In

clu
d
es

earlier
assu

m
p
tion

on
{
ε

t }
as

a
sp

ecial
case.



•
L
o
ok

at
asy

m
p
totic

b
eh

av
iou

r
of
{
X

t }
on

C
⊥

.

•
R

ed
efi

n
e

S
n

as
follow

s:

S
n
(u

)
=

∆
−

1
n
A
>

X
b
n

u
c

=
Λ
−

1
n

b
n

u
c

∑t
=

1

B
>

ε
t
+
o

p (1)

w
h
ere

∆
−

1
n

=
Λ
−

1
n

{
B
>

(I
−

Φ
1
−
···−

Φ
k
−

1 )A
}

•
S

n
f
−

d
−
→

S
E

,
a

op
erator

stab
le

L
év

y
p
ro

cess.



•
U

n
d
er

th
e

op
erator

stab
le

assu
m

p
tion

p
lu

s
regu

larity

con
d
ition

s
on

ρ
,
w

e
h
ave

n
1
/
2∆

>n
A
>

Π̂
>n

d
−
→

(∫
1

0

S
E

(s)S
>E

(s)
d
s )

−
1 (∫

1

0

S
E

(s)
d
W

>
(s) )

Γ
−

1

w
h
ere

W
is

th
e

sam
e

G
au

ssian
p
ro

cess
as

b
efore.

•
W

e
also

h
ave

(as
b
efore)

T
n

=
Υ
>n

(
Π̂

n
A
)
>
(
Γ̂

n
Σ̂
−

1
n

Γ̂
n )
(
Π̂

n
A
)

Υ
n

d
−
→
W

r (p
,I

).

•
L
im

itin
g

d
istrib

u
tion

is
in

d
ep

en
d
en

t
of
E

,
{∆

n
}

—
w

e
d
on

’t

n
eed

to
estim

ate
tail

in
d
ices!



3
.

F
IN

A
L

C
O

M
M

E
N

T
S

•
T

h
e

resu
lts

can
b
e

ex
ten

d
ed

to
allow

d
rift

an
d

oth
er
I
(0)

term
s

(in
clu

d
in

g
an

in
tercep

t)
in

th
e

m
o
d
el.

–
N

eed
on

ly
correct

for
estim

ation
of

th
ese

ad
d
ition

al

p
aram

eters.

•
A

sy
m

p
totic

th
eory

for
estim

ators
of

Φ
1 ,···,Φ

k
−

1
is

n
on

-stan
d
ard

—
p
oin

t
p
ro

cess
asy

m
p
totics.

•
O

p
en

q
u
estion

:
Is

a
“d

om
ain

of
attraction

”
assu

m
p
tion

n
ecessary

?

–
D

o
es
T

n
d
−
→
W

r (p
,I

)
if

a
>

ε
t

h
as

in
fi
n
ite

varian
ce

for
all

n
on

-zero
a
?

•
E

x
ten

sion
s

to
d
om

ain
s

of
attraction

w
ith

a
N

orm
al

com
p
on

en
t

also
are

p
ossib

le.


