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I.
In

tr
o
d
u
c
tio

n

•
C

on
sid

er
a

lin
ear

regression
m

o
d
el

w
ith

p
ositive

errors:

Y
i
=

x
Ti
β

+
W

i
(i

=
1,···,n

)

w
h
ere

th
e
W

i ’s
are

in
d
ep

en
d
en

t
w

ith

ess
in

f
W

i
=

0

P
(W

i
≤
w
|x

i )
=

λ
(x

i )w
α
L

(w
)

(α
>

0).

(L
(w

)
slow

ly
vary

in
g

at
0.)

•
W

e
can

v
iew

x
Ti
β

as
con

d
ition

al
m

in
im

u
m

of
Y

i .

•
T

h
is

ty
p
e

of
m

o
d
el

is
also

ap
p
rop

riate
for

“record
”

d
ata.



E
x
a
m

p
le

:
Y

early
b
est

tim
es

in
m

en
’s

(ou
td

o
or)

1500m
races

from

1957
to

2002:

T
im

e(year)
=
g
(year)

+
W

(year)

w
h
ere

g
can

b
e

in
terp

reted
as

th
e

ab
solu

tely
b
est

p
ossib

le
tim

e.

o

o

o

o

o

o

o
o

o
o

o

o

o

o

o
o

o

o
o

o

o

o

o

o
o

o

o

o

o
o

o
o

o

o

o

o
o

o

o

o
o

o

o
o

o

o

year

best time (seconds)

1960
1970

1980
1990

2000

206 208 210 212 214 216 218 220

S
p
lin

e
estim

a
tes

(4
k
n
o
ts)

u
sin

g
co

n
stra

in
ed

lea
st

sq
u
a
res

a
n
d

L
1

estim
a
tio

n



•
In

tu
itively,

w
e

sh
ou

ld
b
e

ab
le

to
estim

ate
β

m
ost

effi
cien

tly

w
h
en

th
e

b
ou

n
d
ary

is
w

ell-d
efi

n
ed

b
y

th
e

ob
servation

s
⇒

W
i ’s

h
ave

sign
ifi

can
t

p
rob

ab
ility

m
ass

arou
n
d

0.

•
S
im

ilar
issu

es
arise

in

–
p
ro

d
u
ction

fron
tier

estim
ation

(A
ign

er
&

C
h
u
,
1968;

S
im

ar

&
W

ilson
,
2000;

F
loren

s
&

S
im

ar,
2002)

–
estim

ation
of

p
oin

t
p
ro

cess
b
ou

n
d
aries

(e.g.
G

irard
&

M
en

n
eteau

,
2003;

B
ou

ch
ard

e
t
a
l.,

2003)
.

⇒
D

iff
eren

t
m

o
d
els

b
u
t

sim
ilar

issu
es

in
estim

ation
an

d

asy
m

p
totics.



•
W

e
are

assu
m

in
g

th
at
{W

i }
are

in
th

e
d
om

ain
of

attraction
of

a
T

y
p
e

III
ex

trem
e

valu
e

(W
eib

u
ll)

d
istrib

u
tion

.

•
In

th
is

case,
th

e
con

d
ition

al
m

in
im

u
m

is
w

ell-d
efi

n
ed

.

•
W

e
can

also
con

sid
er

p
rop

erties
of

estim
ators

for
{W

i }
in

oth
er

ex
trem

e
valu

e
d
om

ain
s

of
attraction

.



•
S
im

ilar
p
rob

lem
s

arise
also

in
classifi

cation
,
p
articu

larly
w

h
en

w
e

can
assu

m
e

“sep
arab

ility
”.

•
D

ata
con

sist
of

“featu
re”

{
x

i }
an

d
classes

lab
elled

b
y
{Y

i }
—

assu
m

e
sim

p
le

case
Y

i
=
±

1.

•
C

lassifi
cation

ru
le:

Ŷ
=

sgn
(ĝ

(x
)),

for
ex

am
p
le,

ĝ
(x

)
=

x
T
β̂

.

•
M

ax
im

u
m

m
argin

estim
ator:

M
ax

im
ize

h
≥

0
su

b
ject

to

Y
i x

Ti
β
≥
h

for
i
=

1,···,n

an
d
‖
β
‖
1

=
1.
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u
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estim

a
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o
f
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q
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ra

tic
b
o
u
n
d
a
ry.



II.
E
stim

a
tio

n

1
.

M
-e

s
tim

a
tio

n

•
M

in
im

al
req

u
irem

en
t

for
β̂

:

Y
i
≥

x
Ti
β̂

for
all

i

(sin
ce
Y

i
≥

x
Ti
β

for
all

i).

•
P

seu
d
o-M

L
con

sid
eration

:
A

ssu
m

e
th

e
W

i ’s
h
ave

a
d
en

sity

f
(w

)
=

ex
p
(−
ρ
(w

))
(w

>
0)

ρ
(w

)
→
∞

as
w
→
∞

.
T

h
en

th
e

M
L
E

β̂
n

m
in

im
izes

n
∑i
=

1

ρ
(Y

i
−

x
Ti
φ

)
su

b
ject

to
Y

i
≥

x
Ti
φ

for
i
=

1,···,n
.



•
A

ign
er

&
C

h
u

(1968)
con

sid
er

estim
ation

w
ith

ρ
(w

)
=
w

an
d

ρ
(w

)
=
w

2
for

estim
atin

g
p
ro

d
u
ction

fron
tier

fu
n
ction

s.

•
F
or
ρ
(w

)
=
w

,
β̂

n
is

th
e

solu
tion

of
a

lin
ear

p
rogram

m
in

g

p
rob

lem
an

d
can

also
b
e

v
iew

ed
as

a
regression

q
u
an

tile

estim
ator

(K
o
en

ker
&

B
assett,

1978)
of

ord
er
α

=
0;

th
at

is,
as

α
→

0,
β̂

is
th

e
lim

it
of

argm
in

n
∑i
=

1

ρ
α
(Y

i
−

x
Ti
β

)

w
h
ere

ρ
α
(x

)
=
x
[α
−
I
(x
<

0)].

•
A

sy
m

p
totics

for
th

is
estim

ator
are

given
b
y

S
m

ith
(1994),

P
ortn

oy
&

J
u
reckova

(1999),
an

d
K

n
igh

t
(2001)

u
n
d
er

variou
s

regu
larity

con
d
ition

s.



•
A

ssu
m

e
sm

o
oth

n
ess

for
ρ
:

ρ
(w

)
=

∫
w

0

ψ
(t)

d
t

w
h
ere

ψ
is

H
öld

er
con

tin
u
ou

s.

•
W

e
w

ill
also

assu
m

e
th

at
th

e
rig

h
t
tail

of
{W

i }
is

n
ot

to
o

h
eav

y

relative
to
ψ

.



P
r
o
b
le

m
:

W
h
at

are
th

e
asy

m
p
totics

for
gen

eral
ρ
?

•
H

ow
d
o
es

th
e

asy
m

p
totic

b
eh

av
iou

r
d
ep

en
d

on
ρ
?

•
W

h
at

d
eterm

in
es

th
e

asy
m

p
totics

of
β̂

n
in

gen
eral?



2
.

L
o
c
a
tio

n
c
a
s
e

•
In

th
e

lo
cation

case
(i.e.

Y
i
=
θ

+
W

i ),
th

e
situ

ation
is

straigh
tforw

ard
:

If
θ̂

n
m

in
im

izes

n
∑i
=

1

ρ
(Y

i
−
φ
)

su
b
ject

to
Y

i
≥
φ

for
all

i

th
en

θ̂
n

=
m

in
i≤

n
Y

i
(at

least
for

su
ffi

cien
tly

large
n
)

over
a

w
id

e
class

of
ρ

w
ith

E
[ψ

(W
i )]
>

0.

•
θ̂

n
in

h
erits

th
e

asy
m

p
totic

p
rop

erties
of

m
in

i≤
n
Y

i .

Q
u
e
s
tio

n
:

H
ow

d
o
es

th
is

“in
varian

ce”
ex

ten
d

to
th

e
regression

settin
g?



E
x
a
m

p
le

:
1500

m
etre

d
ata

(1957-2002)

•
L
o
ok

(again
)

at
estim

ates
for

sp
lin

e
b
asis

w
ith

w
ith

4
k
n
ots

u
sin

g
ρ
(w

)
=
w

(d
otted

)
an

d
ρ
(w

)
=
w

2
(solid

).

o

o

o

o

o

o

o
o

o
o

o

o

o

o

o
o

o

o
o

o

o

o

o

o
o

o

o

o

o
o

o
o

o

o

o

o
o

o

o

o
o

o

o
o

o

o

year

best time (seconds)

1960
1970

1980
1990

2000

206 208 210 212 214 216 218 220

•
E

stim
ates

are
close

b
u
t

n
ot

eq
u
al;

w
h
at

d
eterm

in
es

th
e

d
ep

en
d
en

ce
on

ρ
?



III.
A

sy
m

p
to

tic
s

1
.

C
o
n
v
e
r
g
e
n
c
e

o
f
p
o
in

t
p
r
o
c
e
s
s
e
s

a
n
d

e
p
i-c

o
n
v
e
r
g
e
n
c
e

in

d
is

tr
ib

u
tio

n

•
T

h
ere

are
tw

o
issu

es
to

con
fron

t
in

d
eterm

in
in

g
asy

m
p
totics

for

b
ou

n
d
ary

estim
ators:

(i)
estim

ators
are

essen
tially

d
eterm

in
ed

b
y

ob
servation

s
close

to
th

e
b
ou

n
d
ary

(i.e.
in

fl
u
en

ce
of

d
istan

t
ob

servation
s

is

n
egligib

le);

(ii)
“classical”

asy
m

p
totic

tech
n
iq

u
es

are
d
iffi

cu
lt

to
ap

p
ly

d
u
e

to
th

e
con

strain
ts.

•
W

e
w

ill
d
eal

w
ith

(i)
u
sin

g
p
oin

t
p
ro

cess
asy

m
p
totics

an
d

w
ith

(ii)
u
sin

g
ep

i-con
vergen

ce
in

d
istrib

u
tion

.



P
o
in

t
p
r
o
c
e
s
s

c
o
n
v
e
r
g
e
n
c
e

•
C

h
aracterize

p
oin

t
p
ro

cesses
as

ran
d
om

in
teger-valu

ed

m
easu

res:

N
(A

)
=

#
of

p
oin

ts
ly

in
g

in
A

•
C

on
vergen

ce
of

a
seq

u
en

ce
of

p
oin

t
p
ro

cesses
{N

n
}

ch
aracterized

b
y

w
eak

con
vergen

ce
of

in
tegrals:

N
n

d
−
→
N

0
iff

∫
g
(t)

N
n
(d
t)

d
−
→

∫
g
(t)

N
0 (d

t)

for
all

b
ou

n
d
ed

con
tin

u
ou

s
fu

n
ction

s
g

w
ith

com
p
act

su
p
p
ort.

•
If
N

0
is

a
P
oisson

p
ro

cess
(i.e.

N
0 (A

)
∼

P
ois(λ

(A
))

for
each

A
)

th
en

th
e

d
−
→

con
d
ition

can
b
e

sim
p
lifi

ed
.



E
p
i-c

o
n
v
e
r
g
e
n
c
e

in
d
is

tr
ib

u
tio

n

•
S
u
p
p
ose

th
at

U
n

m
in

im
izes

an
ob

jective
fu

n
ction

ξ
n

over
som

e

(closed
)

set
C

n
.

•
T

h
is

is
eq

u
ivalen

t
to

m
in

im
izin

g

Z
n
(u

)
=


ξ
n
(u

)
if

u
∈
C

n

+
∞

oth
erw

ise

Q
u
e
s
tio

n
:

W
h
at’s

th
e

w
eakest

form
of

w
eak

con
vergen

ce
of
{Z

n
}

to
Z

th
at

gu
aran

tees

U
n

=
argm

in
(Z

n
)

d
−
→

argm
in

(Z
)

w
h
en

argm
in

(Z
n
)

=
O

p (1)
an

d
argm

in
(Z

)
is

u
n
iq

u
e?



A
n
s
w

e
r
:

E
p
i-con

vergen
ce

in
d
istrib

u
tion

.
(see

P
fl
u
g,

1994;
G

eyer,

1996)

•
E

p
i-con

vergen
ce

is
actu

ally
con

vergen
ce

(w
ith

resp
ect

to
th

e

ap
p
rop

riate
top

ology
)

of
th

e
ep

i-grap
h
s

of
th

e
ob

jective

fu
n
ction

s
(w

h
ich

are
assu

m
ed

to
b
e

low
er-sem

icon
tin

u
ou

s).

•
F
or

con
vex

ob
jective

fu
n
ction

s,
fi
n
ite

d
im

en
sion

al
w

eak

con
vergen

ce
is

su
ffi

cien
t

for
ep

i-con
vergen

ce
in

d
istrib

u
tion

p
rov

id
ed

th
at

th
e

lim
it

is
fi
n
ite

on
an

op
en

set.



2
.

A
s
y
m

p
to

tic
s

fo
r

b
o
u
n
d
a
r
y

M
-e

s
tim

a
to

r
s

•
β̂

n
m

in
im

izesn
∑i
=

1

ρ
(Y

i
−

x
Ti
φ

)
su

b
ject

to
Y

i
≥

x
Ti
φ

for
i
=

1,···,n
w

h
ere

ρ
is

con
vex

an
d

reason
ab

ly
sm

o
oth

.

•
L
o
ok

at
case

w
h
ere

W
i ’s

are
i.i.d

.
fi
rst;

assu
m

e
th

at

–
F

(w
)
=
P

(W
i
≤
w

)
=
w

α
L

(w
),

–
for

som
e

p
rob

ab
ility

m
easu

re
µ
,

1n

n
∑i
=

1

I
(x

i
∈
A

)
→
µ
(A

).

D
efi

n
e
{a

n
}

su
ch

th
at
n
F

(t/a
n
)
=
t
α
⇒

a
n

=
n

1
/
α
L
∗(n

).



K
e
y

p
o
in

t:
T

h
e

asy
m

p
totics

are
d
eterm

in
ed

b
y
O

(1)
p
oin

ts

w
ith

in
O

(a
−

1

n
)

of
th

e
b
ou

n
d
ary

⇒
p
oin

t
p
ro

cess
asy

m
p
totics

•
W

e
start

b
y

d
efi

n
in

g
th

e
ob

jective
fu

n
ction

Z
n
(u

)
=
a

nn

n
∑i
=

1 [ρ
(W

i
−

x
Ti
u
/a

n
)
−
ρ
(W

i ) ]

if
a

n
W

i
≥

x
Ti
u

for
all

i
w

ith
Z

n
(u

)
=

+
∞

oth
erw

ise.

•
N

ote
th

at
a

n
(β̂

n
−

β
)

=
argm

in
(Z

n
).

•
W

e
n
eed

to
d
eterm

in
e

th
e

ep
i-lim

it
of
{Z

n
}.

•
A

ssu
m

e
th

at
E

[ψ
2(W

1 )]
<
∞

an
d

som
e

ad
d
ition

al
regu

larity

con
d
ition

s.



•
U

sin
g

p
oin

t
p
ro

cess
tech

n
iq

u
es,

w
e

can
sh

ow
th

at
Z

n
e
−

d
−
→
Z

w
h
ere

Z
(u

)
=

−
E

[ψ
(W

1 )] ∫
u

T
x
µ
(d

x
)

=
−
E

[ψ
(W

1 )]u
T
γ

if
Γ

k
≥

X
Tk
u

for
k

=
1,2,···

an
d
Z

(u
)

=
+
∞

oth
erw

ise.

•
{(Γ

k ,X
k )

:
k
≥

1}
are

th
e

p
oin

ts
of

a
P
oisson

p
ro

cess
N

0
w

ith

E
[N

0 (d
s
×
d
x
)]

=
α
s

α
−

1
d
s
µ
(d

x
).

•
{Γ

k }
an

d
{
X

k }
are

in
d
ep

en
d
en

t
seq

u
en

ces.



•
T

h
en

a
n
(β̂

n
−

β
)

d
−
→

argm
in

(Z
),

w
h
ich

is
th

e
solu

tion
of

a

lin
ear

p
rogram

w
h
ere

th
e

(ran
d
om

)
con

strain
ts

are
d
eterm

in
ed

b
y

th
e

P
oisson

p
ro

cess.

•
N

ote
th

at
th

e
lim

itin
g

d
istrib

u
tion

d
o
es

n
ot

d
ep

en
d

on
ρ
,
at

least
w

h
en

E
[ψ

2(W
1 )]

<
∞
⇒

a
sy

m
p
to

tic
in

v
a
ria

n
ce.



•
H

ow
ever,

th
e

in
varian

ce
fails

in
th

e
n
on

-i.i.d
.
case

w
h
ere

th
e

d
istrib

u
tion

of
W

i
d
ep

en
d
s

on
x

i .

•
H

ere
w

e
h
ave

a
n
(β̂

n
−

β
)

d
−
→

argm
in

(Z
)

w
h
ere

Z
(u

)
=
−

∫
E

[ψ
(W

|x
)]x

T
u
µ
(d

x
)

=
−

u
T
γ
(ρ

)

if
Γ
∗k
≥

X
Tk
u

for
k

=
1,2,···

an
d
Z

(u
)

=
∞

oth
erw

ise.

•
A

s
b
efore,

{Γ
∗k ,X

k }
are

p
oin

ts
of

a
(p

ossib
ly

d
iff

eren
t)

P
oisson

p
ro

cess
th

at
d
o
es

n
o
t
d
ep

en
d

on
ρ
.



•
O

n
ly

fi
n
ite

p
art

of
th

e
lim

itin
g

ob
jective

fu
n
ction

d
ep

en
d
s

on
ρ
.

–
T

h
e

con
strain

ts
d
o

n
o
t
d
ep

en
d

on
ρ
.

–
If

γ
(ρ

1 )
is

close
to

γ
(ρ

2 )
th

en
th

e
resp

ective
m

in
im

izers
w

ill

b
e

ex
actly

eq
u
al

w
ith

h
igh

p
rob

ab
ility.

•
T

h
u
s

w
e

h
ave

“n
ear”

in
varian

ce.

E
x
a
m

p
le

:
L
o
ok

at
feasib

le
region

s
an

d
con

strain
t

lin
es

for
α

=
1

an
d

X
k

=
(1,U

k )
w

h
ere

{U
k }

are
i.i.d

.
u
n
iform

r.v
.’s

on
[−

1,1].
In

th
is

case,
γ
(ρ

)
∝

(1,c
ρ )

T
w

h
ere

−
1
<
c
ρ
<

1.
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F
ea

sib
le

reg
io

n
s

(sh
a
d
ed

)
a
n
d

co
n
stra

in
t

lin
es



O
th

e
r

e
x
tr

e
m

e
v
a
lu

e
d
o
m

a
in

s
o
f
a
ttr

a
c
tio

n

•
It’s

p
ossib

le
to

ex
ten

d
th

e
resu

lts
to

oth
er

ex
trem

e
valu

e

d
om

ain
s

of
attraction

:

–
T

y
p
e

I:
P

(W
<
−
x
)
→

0
ex

p
on

en
tially

as
x
→
∞

.

–
T

y
p
e

II:
P

(W
<
−
x
)

=
x
−

α
L

(x
)

for
α
>

0
an

d
L

slow
ly

vary
in

g.

•
T
o

d
erive

lim
itin

g
d
istrib

u
tion

s,
w

e
n
eed

to
b
e

carefu
l
to

d
efi

n
e

ρ
(w

)
ap

p
rop

riately
for

w
<

0.



IV
.
O

th
e
r

th
in

g
s

1
.

B
a
r
r
ie

r
r
e
g
u
la

r
iz

a
tio

n

•
x

T
β̂

n
ten

d
s

to
b
e

b
iased

u
p
w

ard
s.

•
O

n
e

p
ossib

le
w

ay
of

rem
ov

in
g

b
ias

is
to

ad
d

a
b
arrier

fu
n
ction

to
p
u
sh

estim
ated

con
d
ition

al
m

in
im

u
m

d
ow

n
w

ard
s.

•
F
or

a
p
ositive

tu
n
in

g
p
aram

eter
ε

d
efi

n
e

β̂
n
(ε)

to
m

in
im

ize

n
∑i
=

1

ρ
(Y

i
−

x
Ti
φ

)
+
ε

n
∑i
=

1

τ
(Y

i
−

x
Ti
φ

)

su
b
ject

to
Y

i
≥

x
Ti
φ

for
all

i.

•
τ
(w

)
(b

arrier
fu

n
ction

)
is

a
con

vex
fu

n
ction

satisfy
in

g

lim
w
↓
0

τ
(w

)
=

+
∞
.



•
W

e
can

take
τ
(w

)
=
w
−

r
for

r
>

0
or
τ
(w

)
=
−

ln
(w

).

•
F
or

a
given

ε
>

0,
β̂

n
lies

in
th

e
in

terior
of

th
e

con
strain

t
set;

th
at

is,

Y
i
>

x
Ti
β̂

n
(ε)

for
all

i

•
C

om
p
u
tation

al
ad

van
tages:

–
β̂

n
(ε)

can
b
e

com
p
u
ted

u
sin

g
N

ew
ton

or
q
u
asi-N

ew
ton

m
eth

o
d
s;

–
β̂

n
can

b
e

ob
tain

in
g

from
{
β̂

n
(ε)}

b
y

tak
in

g
ε
↓

0
—

in
terior

p
oin

t
algorith

m
s

(F
iacco

&
M

cC
orm

ick
,
1990;

K
o
en

ker
&

P
ortn

oy,
1997).
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o
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o
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o
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o
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o
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o
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o
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o
o

o

o
o

o
o

year

best time (seconds)

1960
1970

1980
1990

2000

205 210 215 220

B
a
rrier

reg
u
la

rized
estim

a
tes

u
sin

g
ρ
(w

)
=

w
a
n
d

τ
(w

)
=

w
−

2
.

S
o
lid

lin
e

is
th

e
ex

trem
e

reg
ressio

n
q
u
a
n
tile

lin
e.



2
.

“
S
o
ft”

c
o
n
d
itio

n
a
l
e
x
tr

e
m

e
s

•
Id

e
a
:

A
llow

a
sm

all
n
u
m

b
er

of
th

e
con

strain
ts

to
b
e

v
iolated

.

•
R

a
tio

n
a
le

:
R

ob
u
stn

ess

–
E

stim
ates

of
con

d
ition

al
ex

trem
es

are
n
atu

rally
very

sen
sitive

to
ex

trem
e

ob
servation

s.

–
It’s

often
d
esirab

le
to

d
ow

n
w

eigh
t

or
ign

ore
su

ch

ob
servation

s
in

th
e

in
terest

of
m

o
d
el

fi
d
elity.

•
B

u
t

w
e

d
on

’t
w

an
t

to
sp

ecify
a

p
rio

ri
th

e
n
u
m

b
er

of
con

strain
ts

to
b
e

v
iolated

.



•
N

ote
th

at
th

e
M

-estim
ator

β̂
n

m
in

im
izes

n
∑i
=

1

%
(Y

i
−

x
Ti
φ

)

w
h
ere

%
(w

)
=


ρ
(w

)
for

w
≥

0

+
∞

for
w
<

0.

•
R

ep
lace

%
b
y

th
e

“soften
ed

”
version

%̄
(w

)
=


ρ
(w

)
for

w
≥

0

ε
−

1ψ
(w

)
for

w
<

0

w
h
ere

ε
>

0
an

d
ψ

(w
)
→

+
∞

as
w
→
−
∞

.



•
ψ

sh
ou

ld
b
e

a
con

cave
fu

n
ction

to
get

th
e

d
esired

resu
lt,

for

ex
am

p
le,

ψ
(w

)
=

(−
w

)
r

for
0
<
r
<

1.

–
T
ak

in
g
ψ

(w
)

to
b
e

con
vex

,
w

e
get

essen
tially

(for
sm

all
ε)

regression
q
u
an

tiles.

–
C

on
cav

ity
of
ψ

allow
s

som
e

ad
ap

tab
ility

an
d

allow
s

for

β̂
n
(ε)

=
β̂

n
.

•
M

ore
w

ork
n
eed

s
to

b
e

d
on

e:

–
C

om
p
u
tation

al
algorith

m
for

β̂
n
(ε).

–
If

w
e

let
ε
↓

0,
w

e
get

an
ex

terior
p
oin

t
algorith

m
for

com
p
u
tin

g
β̂

n
—

see
F
iacco

&
M

cC
orm

ick
(1990).

–
A

sy
m

p
totics.


