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PREDMLUVA

Ve dnech 25.9.-27.9.2008 se konalo v Telci ve skolicim stiedisku Masarykovy uni-
verzity Vyjezdni zasedani Centra Jaroslava Hajka pro teoretickou a aplikovanou
statistiku. Clenové fesitelského tymu z Masarykovy univerzity, Univerzity Karlovy
a Technické univerzity v Liberci referovali o vysledcich feseni jednotlivych dil¢ich
cilt.

V pribéhu zasedani se vytvotila velmi prijemna pracovni atmosféra s plodnymi
diskusemi. V zavéru tohoto zasedani se tcastnici shodli na tom, Ze vyjezdni zase-
dani by se mélo konat i v roce 2009.

10.12.2008 ¥vana Hor(.)v:fi
fesitel-koordinator



NAVRHOVANIE A VYHODNOCOVANIE ZLOZITYCH MERANI,
NOVE KALIBRACNE POSTUPY, MODELOVANIE

GEJZA WIMMER

KIéové slova: kalibricia, modelovanie.
Dieléi ciel: V06
V diel¢om cieli V06 sa prispelo k rieseniu
e kalibra¢ného problému
e problematiky klicovych medzilaboratérnych porovnévani
e matematického modelovania v jazykovede
e problémov spojenych s digitalizaciou adajov.

1. KALIBRACNY PROBLEM

Doterajsie pristupy k vyhodnoteniu merani kalibrovanym meradlom st v sucas-
nej dobe v mnohych oblastiach nedostacujice (napr. v metroldgii). Zaoberali sme
sa komparativnou kalibraciou, teda situdciou, ked jeden meraci pristroj (meracia
metdda) je kalibrovany oproti druhému pristroju (metdde), pricom merania na
obidvoch pristrojoch st zatazené chybami. Navrhol sa priblizny konfidenény inter-
val pre jedno alebo niekolko merani kalibrovanym meradlom v pripade linedrneho
vzfahu medzi stupnicami meradiel. Navrhla sa konfiden¢né oblast pre parametre
kalibra¢nej priamky aj v pripade korelovanjch merani. Simula¢ne sa overovali Sta-
tistické vlastnosti navrhovanych oblasti a ukazuje sa, ze s pre praktické tucely
vyhovujuce (dostato¢ne "uzke”) a empiricky ziskané pravdepodobmnosti pokrytia
st velmi blizke teoretickym pre Siroka oblast parametrov. Vysledky sa prezento-
vali na konferencii ROBUST 2006, [1]. Pri rieSeni tejto tlohy vzniklo aj 8 prac K.
Myskovej a I. Molla.

2. KLUCOVE MEDZILABORATORNE POROVNAVANIA

Existuje niekolko pristupov k uréeniu "Key Comparison Reference Value -
KCRV” (metrologicky (predpis, norma), frekventisticky, bayesovsky, fiducidlny,
atd.) Navrhla sa novit metédu uréenia KCRV a jej rozsirenej neistoty, zaloZend na
tzv. metrologickom pristupe (reSpektujicom metrologické normy) vyuzivajicom
aj tzv. fiducidlny pristup. Systematické posuny laboratérii sa uvazovali ako reali-
zacie normalne rozdelenej, rovnomerne rozdelenej alebo trojuholnikovo rozdelene;j
nahodnej veli¢iny a predpokladala sa heteroskedasticita. Pomocou rozsiahlej simu-
la¢nej studie sa ukdzalo, Ze novonavrhnuty intervalovy odhad vykazuje velmi dobré
Statistické vlastnosti s empirickou pravdepodobnostou pokrytia blizkou k nomindl-
nej hodnote pre kazda uvazovanu distribaciu vychylenia laboratérii. Vysledky sa
prezentovali na 56. zasadani ISI v Lisabone a st publikované v [2],[3],[4].

S podporou MSMT LC06024.
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3. MATEMATICKE MODELOVANIE V JAZYKOVEDE

Vo vyskume ide o novi cestu hladania a (matematickil) formulaciu zakonitosti
v empirickych vedach na prikladoch z jazykovedy. Taktiez sa integruje mnozstvo
jazykovednych zakonitosti do jednotnej tedrie. Odhalili sa niektoré lingvistické za-
konitosti (morfologickd produktivita slovnych kmetiov v jazyku, sémantickd pro-
duktivita jazyka, tedria slovnjch dizok) pomocou diskrétnych pravdepodobnost-
nych modelov. Podarilo sa jednotne odvodit (velki) triedu jazykovednych zakonov
v dvoch pristupoch - diskrétnom a spojitom. Nové moderné smery matematicko-
Statistického modelovania v jazykovede sa prezentovali na pozvanej prednaske na
konferencii o vyuke a aplikaciach statistiky STAKAN 2007 v Rusave, 25-27.V.2007
a st publikované v [5].

4. PROBLEMY SPOJENE S DIGITALIZACIOU UDAJOV

Konstrukcia konfidenéného intervalu pre skutoén merant hodnotu v pripade
digitalizovanych merani je tiez doteraz nie k tplnej spokojnosti vyrieSeny prob-
lém. V literattire je rieSeny Ciastocne heuristicky za urcitych teoretickych pred-
pokladov. Predpokladame, Ze chyby merani sit normalne rozdelené, nezavislé, s
nulovou strednou hodnotou a rovnakym (nezndmym) rozptylom. Skutocné vy-
sledky merania (realizdcie normalnych ndhodngch veli¢in) st v digitdlnom tvare.
Ked disperzia chyby merania je velkd vzhladom k digitalizacnému kroku, efekt
digitalizacie zanika. Analyzujeme situacie, ked je rozptyl chyby merania relativne
maly. Sformuloval sa model merania v pripade digitalizovanych tdajov a odvo-
dil priblizny konfidenény interval pre skutoéni merant hodnotu zaloZeny na ML
odhade. Odvodil sa konfiden¢ny interval pre skutoéni merant hodnotu tzv. fidu-
cidlnym pristupom. Simula¢ne sa porovnavali Statistické vlastnosti konfiden¢nych
intervalov (i) ziskanych ML pristupom, (ii) ”Standardnych”, zaloZenych na Stu-
dentovom t rozdeleni, ktory ignoruje rozlisitelnost meracieho pristroja, (iii) ktoré
st modifikovanou verziou konfiden¢ného intervalu navrhnutého Willinkom a zalo-
zenych na upravenom odhade disperzie, (iv) fiducidlnych. Vysledky sa prezentovali
na konferencii TIES 2007 v Mikulove (poster) a ROBUST 2008 v Rac¢kovej doline.
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SIGNAL OPTIMALITY — VIEW OF STATISTICS
AND INFORMATION THEORY

PETR LANSKY AND ONDREJ POKORA

Klicova slova: optimality of signal, Fisher information, mutual information
Particular aim: V05

Neuronal responses evoked in sensory neurons by static stimuli of various inten-
sities are characterized by their input-output transfer function, i.e. by plotting the
firing frequency (or any other measurable neuron response) versus the correspond-
ing stimulus intensity or by plotting the ratio of activated receptors versus the
concentration of ligand (signal). Stimulus intensities can be considered as “opti-
mal” from two different points of view: to transfer as much information as possible
and to code the intensity as precisely as possible. Variability is considered as a
consequence of noise acting upon the transfer function and it may substantially
influence the determination of the stimulus intensities considered as “optimal”.
For details see [4, 5].

To obtain the range of stimuli which can be identified from the transfer function
with greatest precision, we propose to use measures based on Fisher information
as known from the theory of statistical inference (as used e.g. by [3]) The Fisher
information with respect to the signal s is defined by formula

56 = [ (220 gy ar

where g(r; s) is the probability density of the response R and the signal s plays the
role of deterministic parameter. The use of Fisher information as a tool to locate
the optimal signal for information transfer is theoretically motivated by Cramer-
Rao inequality for the signal as an estimated parameter. An approximation (lower
bound) of the Fisher information can also be used, e.g.

1 <8E(R(s))>2

12(8) = TR ) ds

Classification of signals by their information content is very common in com-
putational neuroscience (see [6]). For a given distribution f(s) of the signal S,
there is not a unique response but a family of responses g(r|s) in dependency on
realization of S. Bayes formula g(r) = [g(r|s)f(s)ds gives the unconditional
distribution g(r) of the response. The “distance” between g(r|s) and g(r) can be
expressed by using mutual information. One possibility is to use the formula

L(R|s) = /g(r|s)ln gg(le) dr

Supported by MSMT LC06024.



SIGNAL OPTIMALITY — VIEW OF STATISTICS AND INFORMATION THEORY 7

which was called “specific surprise” by [2] and mentioned e.g. by [1]. DeWeese
and Meister ([2]) proposed a “stimulus-specific information”

I,(Rls) = f/g(r) Ing(r) dr+/g(r\s)lng(r\s)dr .

The optimal signal is located by searching for local maxima of mentioned mea-
sures of optimality. Comparing results of both approaches on theoretical and em-
pirical models it can be shown that both the most identifiable signal and the most
informative signal are not unique. An example of optimality criteria — Fisher infor-
mation J(s) (solid line) and information criteria I;(R|s) (dotted), I2(R)|s) (dashed
line) as functions of signal s in logarithmic scale for a binding model — are plotted
in the figure. For detailed description see [4, 5].
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ODHAD NEKTERYCH CHARAKTERISTIK
NEUROFYZIOLOGICKYCH DAT

DAVID HAMPEL

Kli¢ova slova: diferencialni entropie, intervalové cenzorovand data, redlny neu-
ron, refrakterni perioda
Diléi cil: V05

V soucasnosti se v neurofyziologickych védach vynakladd mimotradné usili ve
vyzkumu v oblasti pfenosu informace mezi neurony. VétSina pouzitych pfistupt
k této otazce je do znacné miry zalozena na presné identifikaci ¢asu generovani
pulsu. Proto je dulezité charakterizovat posloupnosti akénich potencidl formalnim
popisem, ktery by ovSem odpovidal experimentalnim poznatkdm.

Mezi dobfe zndmé a ovéfené vlastnosti neuronil patii tzv. refrakternost. Ab-
solutni refrakterni perioda, kterou se zabyvame, za¢ind po generovani pulsu. V
jejim prubéhu neni mozné emitovat dalsi puls za jakkoliv silného stimulu. Z hle-
diska statistického se jedné o odhad posunu hustoty rozdéleni definované na polo-
pfimce. Absolutni refrakterni periodu odhadujeme na zdkladé ¢asovych intervali
mezi pulsy.

Srovnali jsme nékolik metod odhadu refrakterni periody (maximélné vérohodny,
s minimalnim rizikem, odhady zaloZené na odhadu celého nosic¢e hustoty, odhad
minimalni hodnotou) v kombinaci se tfemi modely generovani mezipulsnich ¢aso-
vych interval. Navrhli jsme a ovéfili také odhad posunuti na zakladé adjustované
minimalni hodnoty. Zkoumané metody jsme rozdélili na skupinu parametrickych
a neparametrickych metod. V obou piipadech jsme srovnévali jejich piesnost a
asymptotické vlastnosti na simulovanych datech. Z vysledki plyne, ze aplikace ne-
parametrickych metod, konkrétné Cookova odhadu, dava nejstabilnéjsi vysledky.
Na druhou stranu, zadna z metod se nejevi zietelné 1épe nez ostatni metody. M-
Zeme ale konstatovat, ze odhad pomoci miniméalni hodnoty, obvykle pouzivany pro
refrakterni periodu, neni nejlepsi volbou pro neurofyziologicka data. Analyza od-
hadu pro experimentalni data poukazala na omezené moznosti uziti jednotlivych
metod. Na zdkladé provedené studie mizeme Fici, Ze posun (refrakterni perioda)
muze byt dobfe odhadnut pouze pro stimulovana data.

Dalsim objektem naSeho zajmu byla pfimo komunikace mezi neurony. S vyuzi-
tim teorie informace, konkrétné pomoci konceptu diferencialni entropie, mizeme

e identifikovat zmény v chovani neuronu a
e srovnat chovani dvou ¢i vice neuronti

za ruznych experimentalnich situaci. Pro tento tcel je tfeba mit k dispozici kva-
litni odhady diferencialni entropie. Tyto lze pouzit k vypoctu Kullback-Leiblerovy
vzdalenosti, pomoci niz lze urcit pfipadné zmény v chovani neuronu ¢i rozdily
mezi neurony. Vezmeme-li v tvahu refrakterni vlastnost, vyvstava otazka zda a
popfipadé jak pFitomnost refrakterni periody ovlivni odhad diferencidlni entropie.

S podporou M@OMT LC06024.
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Pozornost jsme vénovali predevsim plug-in metodam a tzv. pfimym metodam
(odhad zaloZeny na rozestupu vzorki, Vasickuv odhad) odhadu entropie. V prak-
tickych tlohéach je potfebné odhadnout diferencidlni entropii v relativné kratkém
case a navic na zakladé malého rozsahu dat. K tomuto tcelu by mohly poslouzit
nami diskutované rychlé plug-in odhady zalozené na momentovém odhadu hustoty.
Vzhledem k dobrym vysledkim pfi jejich nasazeni jsme na jejich zakladé odvo-
dili pfimy odhad a diskutovali jeho vlastnosti. Podobné jako pfi analyze odhadi
refrakterni periody i zde jsme provedli rozséhlou studii na simulovanych datech.

Experimentalni zdznam neuronalni aktivity byvé komplikovan faktem, Ze je ne-
mozné poridit ¢asové neomezeny zaznam. Konkrétné, pokud zaznamenavame neu-
ronélni aktivitu po néjakém stimulu, je reakce neuronu pouze doc¢asné. Abychom
ziskali dostatecné mnozstvi dat, musime tento experiment nékolikrat opakovat.
Dalsi podobnéa situace nastane, pokud sledujeme vétsi mnozstvi neuront najed-
nou a chceme identifikovat moznou neuronalni aktivitu ihned po stimulu.

V obou pripadech dostaneme mnozstvi relativné kratkych intervalové cenzoro-
vanych zaznami neurondlni aktivity namisto jednoho dlouhého zaznamu. Z téchto
vzorku chceme opét odhadnout diferencidlni entropii a poté spocitat Kullback-
Leiblerovu vzdalenost od rozdéleni neurondlni aktivity bez stimulu. K odhadu
entropie z intervalové cenzorovanych dat mtzeme prikrocit nékolika strategiemi.

(1) Mizeme pracovat s intervalové cenzorovanymi daty, jako by §lo o kom-
pletni pozorovani. Budeme moci vyuzit vSechny mozné metody odhadu
entropie, nicméné se védomé dopoustime chyby, kdyz povazujeme netplné
vzdalenosti mezi pulzy za Gplné.

(2) Déle muzeme vylouéit z dat netiplnd pozorovani, a entropii odhadovat
pouze na zakladé uplnych. Podle situace ndm zbude relativné malo dat,
nutno bude pouzit metody vhodné pro malé vzorky. Zbavujeme se ¢asti
informace, nase vypocty budou méné presné nez pii dalsi uvazované stra-
tegii.

(3) Zohlednime charakter dat, a pouzijeme adekvétni, byt slozitou, metodu.
Vyuzitelné budou jen plug-in odhady, do kterych dosadime vhodny odhad
hustoty.

Poslednim pfipadem se zabyvame. Analyzujeme vystupy dvou metod odhadu pou-
zivajicich EM algoritmus, které jsme prizpusobili pro nas typ dat. Odhad entropie
na zakladé téchto metod je vzdy lepsi nez odhady nerespektujici podstatu cenzo-
rovanych dat.
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CONVOLUTIONS OF KERNELS AND THEIR USING

JIRf ZELINKA

ABSTRACT. Convolutions can be found in some expressions describing prop-
erties of all sorts of kernel estimates. The bias of kernel estimate of probability
density function is one of these expressions. It can be approximated (Jones et
al., 1991) by the integral estimate whose evaluating leads to the convolution
of the kernel function with itself. This paper presents the exact construction
of convolution of polynomial kernels, properties of this convolution and appli-
cation of it for the iterative method of bandwidth choice (Horovéd & Zelinka,
2007).

Keywords: kernel estimate of density, convolution
Particular aim: V04

1. INTRODUCTION

Let us denote Sy, the class of the polynomial kernels K of order k satisfying the
the usual moment conditions (see e.g. Horovéd & Zelinka (2007)).
Epanechnikov and quartic kernels are typical examples of kernels belonging to

Sa.

The standard kernel estimate of the density (e.g Wand & Jones (1995)) is defined
as

W foxcla) = %ZKCC ‘hXZ), K €S
=1

The smoothing parameter h is called bandwidth and it mostly influences the shape
of the estimate.
2. PROPERTIES OF THE ESTIMATE
Basic properties of kernel estimate of the density are given by the Mean Inte-

grated Square Error (MISE). The leading term of MISFE is

/. 1
2) MISE (fux) = —V(K) + h* B(K) D
Bandyvidth minimizing MISFE is called optimal bandwidth and it is denoted by
hopt(fn, i) or shortly hep:. It is easy to derive the relationship

o1 VI(K)
3) hopi = 2nkDyB2(K)

3. CONVOLUTION OF KERNELS

3.1. Basic properties.
If we denote as
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the expectation of the density estimate can be evaluated as

() Bfui(@) = [ (o= 9) 1@y = (K )(a)

and the bias of the estimate as

(5) biasfnx(z) = (Kn * f)(x) — f(z).

Miiller & Wang (1990) suggested the following estimate of the bias fh k() derived
from (5):

(6)

bias fu.rc(x) = (Kn fa, i) (@)= frrc (@ hZ[ (

where

W= [ K (=) Ky = (K < K)(w.

Theorem

The convolution Ck is continuous and piecewise polynomial function for any poly-
nomial kernel K, support(Cx) = [-2,2], [Cx(x)dz = 1. If K is non-negative or
even on R then the same property is valid for Ck.

Let K € Sy, and K € C*(R), s > 0. Then Cg € C?**2(R) and the derivatives of
Cx can be expressed as

Cx = KxK

cl = K'xK’

ey = KOxK®
CEY = KD KO
CEHD gD (st

3.2. Convolutions of higher order. Let us denote by
CK,l = Ka

CK,2:K*K:CK7

Ckza=KxK+«K=Cg=xK,
Cru=K+«Kx+xKx*K=_Cg*Cg,

Estimate of [ bias? fy i (z)dz (see (6)) can be evaluated as

szas for(x)de = f( (Kpn * frx)(z) — fh7K($))2dx —
= i 5 o (47 - 20s (472 s (7))

for even kernels.
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4. APPLICATION FOR BANDWIDTH SELECTION

The iterative method for bandwidth selection was suggested in Horova & Zelinka
(2007). The estimate hop of the optimal bandwidth can be obtained as the solution
of the equation

V(K)
2nk 1)7;921‘27;((95)(136
Steffensen’s method and numerical calculation of the integral were used in the men-

tioned paper. But the integral can be evaluated exactly using kernel convolutions.
Equation (7) can be rewritten as

(7 h=

h= V(K)
20k ”Zn; [CKA (XJ;Xi) —2Ck 3 (XJ;Xi) +Ck 2 (X";Xi)}
or
(8) @(h)—%i(ﬁ(%)_v([()_o
i,j=1
for ’

C(.ZL') = CKA((E) — QCKvg(x) + CKvg(l') .
For solving (8) Newton’s method can be used as the derivative of function @ is
easily obtained:

n

2k X, —X;
®'(h) = —— X, - X)) | =—
) =28 S 06 - xoe (2.
i,j=1
C'(x) = Ci 4(x) — 26}(,3(1’) + Cxo(x)
taking into account that the convolution are piecewise polynomials. Then the
Newton’s method gets the form

¥ ¢ (555 - pvE)

B = by — W) =t :
D' (hy) n s (X=X
.Zl(Xj - Xi)C <7T)
1,]=

The maximal smoothing principle (see Horovd & Zelinka (2007)) can be applied
for the initial approximation hg.
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BOUNDARY EFFECTS IN KERNEL CDF ESTIMATION

JAN KOLACEK

ABSTRACT. In this presentation we focus on kernel estimates of cumulative
distribution functions in case that random variables X1, ... X, are nonnega-
tive. It is well known that kernel distribution estimators are not consistent
when estimating a distribution function near the point z = 0. This fact is
regrettable in many applications, for example in kernel ROC curve estimation
(Koldeek and Karunamuni (2007)). In order to avoid this problem we propose
a bias reducing technique which is a kind of generalized reflection method.
Our method is based on ideas of Karunamuni and Alberts (2005) and Zhang
et al. (1999) developed for boundary correction in kernel density estimation.
Finally, the proposed estimator is compared with the traditional kernel es-
timator and with the estimator based on “classical” reflection method using
simulation studies.

Klicova slova: kernel estimation, reflection, distribution estimation.
Particular aim: V04

1. INTRODUCTION

The most commonly used nonparametric estimate of a cumulative distribution
function F' is an empirical distribution function F,,. But F), is a step function even
in case that F' is continuous. Another type of nonparametric estimators for F' is
derived from kernel smoothing methods. Kernel smoothing is most widely used
because it is easy to derive and has good properties. Kernel smoothing has received
a lot of attention in density estimation. Good references in this area are Gasser
at al. (1985), Silverman (1986) and Wand and Jones (1995). However, results in
kernel distribution function estimation are relatively few. Theoretical properties of
kernel distribution function estimator have been investigated by Nadaraya (1964),
Reiss (1981) and Azzalini (1981). Although there is a vast literature on boundary
correction in density estimation context, boundary effects problem in distribution
function context has been less studied.

In this presentation, we develop a new kernel type estimator of the cumulative
distribution function that removes boundary effects near the end points of the
support. Our estimator is based on a new boundary corrected kernel estimator of
distribution functions and it is based on ideas of Karunamuni and Alberts (2005)
and Zhang et al. (1999) developed for boundary correction in kernel density esti-
mation. The basic technique of construction of the proposed estimator is kind of a
generalized reflection method involving reflecting a transformation of the observed
data. In fact, the proposed method generates a class of boundary corrected esti-
mators. We derive expressions for the bias and variance of the proposed estimator.
Furthermore, the proposed estimator is compared with the traditional estimator
and with the estimator based on “classical” reflection method using simulation
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studies. We observe that the proposed estimator successfully remove boundary
effects and performs considerably better than the others two.

Kernel smoothing in distribution function estimation and boundary effects are
discussed in the first part of the presentation. The proposed estimator is intro-
duced in the next part. Finally, some simulation results are given at the end of
the presentation.

2. CONCLUSION

In this presentation we proposed a new kernel-type distribution estimator to
avoid the difficulties near the boundary. The technique implemented is a kind
of generalized reflection method involving reflecting a transformation of the data.
The proposed method generates a class of boundary corrected estimators and it
is based on ideas of boundary corrections for kernel density estimators presented
in Karunamuni and Alberts (2005). We showed some good properties of our pro-
posed method (e.g., local adaptivity). Furthermore, it is shown that bias of the
proposed estimator is better than that of the “classical” case.

Acknowledgements: The research was supported by The Jaroslav Hajek center
for theoretical and applied statistics (MSMT LC 06024).
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KERNEL ESTIMATES OF ROC CURVES

JIRf ZELINKA, IVANA HOROVA

ABSTRACT. The Receiver Operating Characteristic (ROC) curve describes
the performance of a diagnostic test which classifies subjects into either group
without condition Ggp or group with condition G; by means of a continuous
discriminant score X. The present paper aims to estimate the ROC curve as e
special case of the cumulative distribution function (c.d.f.) by means of kernel
methods. The beta distribution is used for construction of this estimate.

Keywords: ROC curve, beta distribution, kernel estimate
Particular aim: V04

1. INTRODUCTION

Let G1 be group of n; subjects with a condition and Gy group of ng subjects
without a condition, D = 0, 1 random variable denotes absence or presence of
the condition. Let the falling into particular groups is tested by a test that gives
as result the random variable T: T = 1 positive test result, " = 0 negative test
result. Results of the test can be presented by the confusion matrix:

Positive test, T =1 | Negative test, T =0 Total

Gi (D=1)| True positive (TP) False negative (F'N) TP+ FN

Go (D=0) | False positive (FP) True negative (T'N) FP+TN
Total TP+ FP FN+TN n=mng+mn

Let X be the diagnostic test variable (one-dimensional absolutely continuous
random variable) and ¢ — given cutoff point, ¢ € R. The subject is classified as Gy
if X > ¢ and Gy otherwise for given cutoff point c.

Folc) = P(X < c|Go) = / folz)dz, Fi(c) = P(X < clGh) = / Fi()ds

Fy or Fy are c.d.f.s of group Gy or Gy and fp and f; are corresponding probability
density functions (p.d.f.).
Fy: the specificity (Sp) of the test
1 — Fy: the sensitivity (Se) of the test
ROC curve is displayed by plotting 1 — Fj(c) against 1 — Fy(c) for a range of
~— ~—
Se 1-Sp
cutoff points ¢ € R.
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TP — True positive  FP — False positive p = 1—=Fye)
FN - False negative TN — True negative qg = 1-—Fi(e)

2. NONPARAMETRIC ESTIMATES OF CUMULATIVE DISTRIBUTION FUNCTION

Let Z1,...,Z, be random sample from random variable Z with c.d.f. F.

Empirical distribution function: F, z(x) =

-

LN I(Z < ).
=1

The ROC curve ROC(p) = R(p) is the c.d.f. of random variable Y = 1 — Fy(X1):

Fy(p) = P(Y <p)=P(l-Fy(X1)<p) =
= P(X, > F,'(1-p)=1-F(F'(1-p)=
= R(p)

Properties of Y:
e Y e€l0,1]
1
e E(Y)=1—- [R(p)dp=1— AUC(R)
0
1

e DY) =war(Y)=EY?)—(E(Y))?= 1—2({pR(p)dp— (1-AUC(R))

2_

- 2j<1 ~ D) R(p)dp - AUC(R)

Therofore we focus to kernel estimates of c.d.f.:

n

Filz) = %;W <$ th> . W)= ]K(t)dt

K is a non-negative symmetric function called kernel, supported on [—1, 1], inte-
grated to unity, h is a smoothing parameter called bandwidth

Bandwidth selection

Mean Integrated Square Error MISFE is

MISE(B,) = / E(Ew(z) — Fa))2de,
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The leading term of MISE:

WTSE(F) =+ [ Pl - et By
W=~ [ Fla)(1 = F(z))de —eig+ —=ah®
——

. 2,
Ivar(Fh, k) Ibias™ (Fn k)

o = jW(x)(l CW(2))de >0, B — /lchK(;r)dx, s = /(F”(x))2d:c

Optimal bandwidth minimizing MTSE(F},) provided that F € C?:

1/3
h f:n71/3< 4 >/
v B31b2

3. DIRECT KERNEL ESTIMATE OF ROC CURVE

Let us construct the random sample of the estimate of Y:

. 1 &
Ye() =1 = Fog,x,(2) = - > I(Xo; <x)
j=1

for x = X1.1,...,X1,n,. The estimate of ROC curve is
A ~ 1 & p—- YE1
Re(p)=Fy, , 0)=—>_ W <7
ni im1 hi

For bandwidth selection (unknown value 1) we will use the reference c.d.f. F,. or
p-d.f. f. giving the same expectation and variance as Yg.

As the refernce p.d.f. let us use the beta distribution:

2 — . _ F(a+ﬂ) a—1 -1
Afr(l) —af(xvavi) = Wm (1a_ﬂx)ﬁ
EV) =275 v =P = g+

2
Iy

a=E®Y) (M—1>, B=(1-E®Y)) <M_l)

We use estimates E(Y) and &f} and rounded value of a and /3 in real calculations

for easy evaluation of 1/72.
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JADROVE ODHADY VICEROZMERNYCH HUSTOT

KAMILA VOPATOVA

Klicova slova: jadrové vyhlazovani, vicerozmérné hustoty, AMISE.

Diléi cil: V04
Pro d-rozmérny nadhodny vybér X;, ..., X,, definujeme jadrovy odhad hustoty
rozdéleni, z néhoz vybér pochazi, jako

f(x; H) = % zn: |H| 72K (H Y2 (x - X)),
=1

kde K je d-rozmérné jadrova funkce a H je vyhlazovaci matice.
Nejzavaznéjsim ukolem jadrového vyhlazovani je nalezeni matice H. Kritériem

pro volbu optimalni matice H je stfedni integralni kvadraticka chyba MISE, resp.

AMISE — asymptoticky tvar MISE. Optimalni vyhlazovaci matice H minimalizuje
H).
2
i 0 ), a zavedeme

tuto chybu, H = argming AMISE(
0 hZ

Pokud se omezime na diagonalni matice H fadu 2, tj. H = (
odhad asymptotické stfedni integralni kvadratické chyby

o . . 2
AMISE(H)=//Wf(x17x2;H)da:1dx2+// (biasf(xl,mg;H)) dzidzs,

kde
1\H|—1/2V(K)
n 9

//ﬂz\rf(xl,:cg;H) dzdzs

// (@f(;rl,xg;H))z dzidzs

pak uzitim vztahu mezi rozptylem a vychylenim obdrzime rovnici

1 _
ﬁ|H\ Y2g(hy, ha),

gV(K) = g(hy, ha).

Druhym vztahem pro nezndmé hq, hs je jednoduché rovnice ho = c h;. Konstantu

¢ odhadneme uzitim Scottova pravidla h; = 6;n~1/6, tedy

. 02
C= —.

hy = ¢ha,
o1

Prvky hi, ho optimélni vyhlazovaci matice H jsou pak feSenim soustavy rovnic

5VE) = g(hn. o).
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TESTS BASED ON REGRESSION RANK SCORES

MARTIN SCHINDLER

Keywords: Regression rank scores, regression quantiles, nonlinear regression.
Particular aim: V02

We focuse on inference based on regression rank scores, particularly on the con-
struction of tests that are functions of regression rank scores. Regression rank
scores could hardly be discovered without regression quantiles which are useful for
the interpretation of the regression rank scores (and necessary for their definition
in the nonlinear model). Thus, before defining the scores, we always mention the
regression quantiles.

This work is divided into two parts called Linear model and Nonlinear model.

1. LINEAR MODEL

The first part concentrates on the tests in the linear regression model and in the
second part we try to extend some of these tests for a nonlinear regression model
as well. Both parts consist of three chapters.

The tests presented in the first part are asymptotically distribution free. Firstly
we give a motivation and an introduction to the theory of the tests based on
regression rank scores, explain that these tests naturally generalize ordinary rank
tests and more or less we summarize the known facts about the regression quantiles,
regression rank scores and tests based on them in the linear model.

Next we concentrate on a few specific situations of one-way and two-way ANOVA
models for which we construct tests described in the foregoing. We will also find
out that such tests as Kruskal-Wallis or Friedman tests are in fact based on re-
gression rank scores too.

Finally we deal with a different class of tests based on rank scores. We introduce
the Kolmogorov-Smirnov type test when a nuisance linear regression is present and
show that the two-sample variant of it is an extension of the classical Kolmogorov-
Smirnov test. Moreover, its asymptotic distributions under the hypothesis and the
local alternatives coincide with those of the classical test. Similarly, a two-sample
Cramér-von Mises type test under a nuisance regression is derived.

2. NONLINEAR MODEL

In the second part we try to use a similar concept to build some tests also in
the nonlinear regression model. The situation in the nonlinear model is, however,
much more complicated, so we pay more attention to finding out the properties of
nonlinear regression quantiles and nonlinear regression rank scores.

Next we introduce a class of tests based on nonlinear regression rank scores
when a nuisance nonlinear regression is present. The asymptotic distribution as
well as its verification by a simulation is included.

S podporou MSMT LC06024.
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Finally, a test for independence with a nuisance nonlinear regression is con-
structed.

Most of the tests introduced here are followed by at least one example on which
we demonstrate their utilization. Computational problems in the nonlinear models
are mentioned and a method how to work them out is proposed and applied to
real data.
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Wavelets are by now a widely accepted tool in signal and image processing as
well as in numerical simulation, statistics and engineering applications. In the
field of statistics they are used especially for denoising, regression and density es-
timation. Originally, wavelet methods were applied to problems defined on the
whole Euclidean space or on the torus. However in many applications biorthogo-
nal wavelet bases defined on a bounded domain are needed. The starting point of
the construction of wavelet bases on general domain is the construction of wavelet
bases on the interval. It consists in retaining basis functions from L2 (R) whose
support is contained in the interval and suitable adaptation near the boundary.
Such bases were constructed in [4]. These bases are derived from B-splines and
their additional advantage in contrast to orthonormal wavelets is their smooth-
ness and their explicit form. The disadvantage of popular bases from [4] is their
bad condition which cause problems in practical applications. Some modifications
which lead to better conditioned bases were proposed in [6, 1, 5]. In this contri-
bution, we further improve the condition of spline-wavelet bases on the interval.

The primal scaling bases will be the same as bases designed in [2], because
they are known to be well-conditioned. Let N be the desired order of polynomial
exactness of the primal scaling basis and let t/ = (ti)2'7+N 7~ be the Schoenberg

k=—N+1
sequence of knots. The corresponding B-splines of order NV are defined by

| . N Y
W) Biy @)= (1) [t;,...,t;+NL(t—x)+ . zel01],

where (z), := max{0,z} and [t;,...tn], f is the N-th divided difference of f.
The set ®; of primal scaling functions is then simply defined as

(2) G =22B] y, for k=-N+1,...,27 -1, j>0.

The desired property of the dual scaling basis ® is biorthogonality to ® and poly-
nomial exactness of order N. Let ¢ be dual scaling function which was designed in
[3] and which is shifted so that its support is [—]\7 +1,N+N— 1]4 In this case

N > N and N + N must be an even number. We define inner scaling functions as
translations and dilations of ¢:

(3) 00 =226 (2 - ~k), k=N-1,...22 =N - N +1.
There will be additional two types of basis functions at each boundary. Basis

functions of the first type are defined to preserve polynomial exactness in the same
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way as in [4]:

N-2
=22 > <pkNgJ$_1,¢(. — 1)> ¢ (2 )|y, k=1-N,....N—N.
I=—N—-N+2
Here pév_l, o ,pgj is a basis of Pgy_, ([0,1]). As in [4], pfj_l are Bernstein

polynomials defined by
- - N—1 G 1 -
(4) pkN-l(x);:b*Nﬂ( A )xk(b—x)le, k=0,...,N—1,

because they are known to be well-conditioned on [0, b] relative to the supremum
norm. In our numerical experiments the choice b = 10 seems to be optimal.
The basis functions of the second type are defined as
) N+N-1
5) bx=2F > mp(@ 2% 1)y, k=N-N+1,...,N-2
I=N—1-2k

where h; are scaling coefficients corresponding to ¢.
The boundary functions at the right boundary are defined to be symmetrical
with the left boundary functions:

(6) Oj =0j2i _ni1—k(1—-), k=2—-N-N+2,...,2 -1
Since the set ©; := {Gjyk tk=—-N+1,...,27 — 1} is not biorthogonal to @;,

we derive a new set é]— from ©; by biorthogonalization. Finally the corresponding
wavelets are determined by a method called stable completion.
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The paper presents a methodology for estimating high quantiles of distributions
of daily temperature in a non-stationary context, based on a peaks-over-threshold
analysis with a time-dependent threshold expressed in terms of regression quan-
tiles. The extreme value models are applied to estimate 20-yr return values of tem-
perature over Europe in transient GCM simulations, assuming changes in green-
house gas concentrations according to SRES emission scenarios over the 21st cen-
tury. A comparison of scenarios of changes in the 20-yr return temperatures based
on the non-stationary peaks-over-threshold models with conventional stationary
models is performed. It is demonstrated that the application of the stationary
extreme value models in temperature data from GCM scenarios yields results that
may be to a large extent biased, while the non-stationary models lead to spa-
tial patterns that are robust and enable one to detect those areas in which the
projected warming in the tail of the distribution of daily temperatures is largest.
The method also allows splitting the projected warming of the high quantiles in
two parts that reflect a change in the location and scale of the distribution of ex-
tremes, respectively. Their spatial patterns differ in the examined climate change
projections over Europe.

The regression quantiles (Koenker and Bassett 1978) are the most natural and
intuitive solution to the problem of setting a (time-dependent) threshold in the
POT analysis, corresponding to a high quantile of the distribution of the examined
variable. The proposed non-stationary POT models with time-dependent thresh-
olds and a homogeneous Poisson process are computationally straightforward and
do not violate assumptions of the extreme value analysis, unlike models with an in-
variable threshold and a non-homogeneous Poisson process used in some previous
climate change studies. Quadratic regression 95% quantiles were found superior
to linear ones in the present application as they may accommodate to a wider
range of changes in the threshold; on the other hand, differences between results
obtained with the quadratic and linear quantiles were relatively small. Results are
little dependent on the particular choice of the threshold (regression quantile); if
the 96% or 97% quantiles are used instead of the 95% quantile, the main findings
remain unchanged.

The arguments why an extreme value model with a time-dependent threshold
is more appropriate compared to the widely used non-homogeneous Poisson pro-
cess models with a fixed threshold in the context of climate change studies are
straightforward. In fact, it is the sample size that is dealt with when modeling
daily meteorological variables what makes the application of the non-homogeneous
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process questionable from the statistical point of view. When a significant trend
is present in the data, a constant threshold in the POT models with a variable
intensity of the Poisson process cannot be not suitable over longer periods of time:
there are either too few (or no) exceedances above the threshold in an earlier
part of record (which enhances the variance of the estimated model), or too many
exceedances towards the end of the examined period (which violates asymptotic
properties of the model and leads to bias), or both the deficiencies are present
in the examined sample of ‘extremes’. The issue of too many exceedances above
the threshold (which cannot be considered extremes in fact) towards the end of
the examined period would become less severe if the effective sample size from
which extremes are drawn was larger than in ‘real world’ and/or climate change
simulations of daily temperatures.

The choice of the particular statistical model for extremes as to the dependence
of the model parameters on a time index is based on the likelihood ratio tests
(e.g. Coles, 2001) for pairs of models with increasing complexity (i.e. the number
of parameters describing the dependence on the covariate). We have chosen a
threshold of at least 50% gridpoints in which an improvement is achieved in a given
scenario in order to consider this model for the data. Although the choice of 50% is
inevitably somewhat subjective, the results support that it is a reasonable one; the
percentages are very low (below 1%) for models that are too complex for given data,
and relatively large (around 70%) for the generally most parsimonious model. The
differences between estimates of high quantiles based on two competing statistical
models (in the present application, the model with a trend in logarithm of the scale
parameter as the more complex one, and the model with constant scale and shape
parameters as the less complex one) are small in those gridpoints in which the
more complex model is not supported by the likelihood ratio test, which justifies
the use of the statistical model based on the above criteria for the estimation in
all gridpoints in the area. We also note that a POT methodology for modeling
extremes should be preferred over block maxima due to the increase in the amount
of data that enter the estimation (e.g. Coles, 2001). The advantage of the POT
approach, consisting in a more efficient utilization of data on extremes, is even
more pronounced for non-stationary extreme value models, owing to the increase
in the number of parameters that have to be estimated.
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PROCESSES OF FAILURES AND MODELS OF PARTIAL
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Particular aim: V03

This research activity deals with models for reliability and for analysis of failure
times, their distributions and processes. As regards the impact of a repair actions
on processes of failures, various concepts has already been introduced. We con-
centrated to several of them. Dorado et al. (1997) derived a model which allows
simultaneously to shift the virtual age of the system after a repair and also to
change the shape of the failure intensity in the forthcoming cycle, by accelerating
(or retarding) the lifetime ’clock’:

For any CDF F, 6 € (0,1] and v € [0, 0), consider the family of distribution
functions

(1) Ff(t):%7 t>0.

The family of distributions {Ff } are stochastically ordered in 6, that is, 8 < 6’

implies F?(t) < F? (t), for all v and t. Then the survival function F?(t) can be
viewed as the life of a functioning item of age v which has been scaled by a factor
0, with lower values of # representing longer remaining life. Authors mentioned
above refer to F/(t) as the life distribution of an item with an effective age v and
a life supplement 6.

Basic scheme of partial repairs. Consider two sequences {V;},, and {©;},,

called the effective ages and life supplements, respectively, satisfying -
Vo=0,00=1, V;>0, ©; €(0,1] and

(2) ‘/z S ‘/i—l + ®i—1Ti for 7 > 0.

The general model of virtual age defines the joint distributions of the inter-failure

times T; as follows

3) P(T; < t|Vie1, ©im1, Tho.., Timt) = Fy = (8)

for t > 0, ¢ > 1, where F‘(?:ll (t) is defined according to (1).

It is easy to see that T; defined by distribution FS "~'(t) is stochastically larger
than T} defined by F‘l/F17 i.e. better than the working item of age V;_;. Further-
more, we can see that for each ¢ > 1 the effective age V; of the system after the
i-th repair is less than its effective age X; := V;_1 + ©;_1T; just before the i-th
repair, which in turn is less than the actual age S;. Thus the general repair model
defined above can be considered as a better-than-minimal repair model.

Such a model includes several well known special cases, namely:

Supported by the project of MSMT CR No. LC06024.
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1.: PERFECT REPAIR MODEL. ©; =1, V; =0

2.: MINIMAL REPAIR MODEL. ©; =1, V; = 5;, S; = time of failure

3.: Kuma’s MODEL 1. ©; = 1, Vi =V, + T3, Vi = Zzzlngk, where
{&},>, constants or (independent) random variables in [0, 1].

4.: KuMA’s MODEL II. Similarly, V; = &(Vioy + T;) and & < 1, 0; = 1,

then V; = 375 _ (ITi=y, &) T
5.: ACCELERATED LIFETIME MODEL ©; > 1, V; =0

Incomplete repair reducing the system deterioration. Let us consider a
function S(t) (or a latent random process) evaluating the level of degradation
after a time t of system usage. In certain cases we can imagine S(t) = f(f s(u)du
with s(u) > 0 is a stress at time u. We further assume that the failure occurs
when S(t) crosses a random level X. Recall also that (in the non-repaired system)
the cumulated hazard rate Hy(t) of random variable 7' = time-to failure has the
similar meaning, namely the failure occurs when Hy(t) crosses a random level
given by Exp(1) random variable,

Hence, as T >t <=> X > S(t), i.e. Fy(t) = Fx(S(t)), where by F' we denote
the survival function, then

Hy(t) = —logFx(S(t)).

We can again have some special cases, for instance:

— X ~ Exp(1), then Hy(t) = S(t),

- 8S(t) =c-t?,d >0, and X is Weibull (a,b), then T is also Weibull (o =
ac’,B=0bxd),ie Hy(t)=a- t5.

Let us now imagine that the repair reduces S(¢) as in the Kijima II model, to
S*(t) = - S(t). In the Weibull case considered above we are able to connect such
a change with the reduction of virtual time from ¢ to some t*:

S(t*) = §*(t) => t* =54 -,

so that the virtual time reduction follows the Kijima II model, too, with &, = 8.
It can be shown that each selection of §, A leads (converges) to a stable (’constant’
intensity) case.

For other forms of function S(¢), e.g. if it is of exponential form, S(t) ~ et —1,
such a tendency to a constant intensity does not hold in general. Nevertheless, it
is possible to select convenient § and A stabilizing the failure intensity.

Degradation as a random process. In the case we cannot observe the function
S(t) directly, and it is actually just a latent factor influencing the lifetime of the
system, it can be modelled as a random process. There are several possibilities,
for instance:

1. S(t) =Y - So(t), Y > 0 is a random variable, Sy(¢) a function as above.

2. Diffusion with trend function Sy(t) and Brown process B(t), S(t) = So(t)+B(t).
3. S(t) cumulating a random walk s(¢) > 0.

4. Compound Poisson process (and its generalizations).

Again, it is assumed that failure occurs when the process S(t) crosses a level
x. Hence, S(t) < z <=>t < T, therefore Fy(t) = Fs)(x), where Fgqy () is the
compound distribution at ¢. If X is a random level, then the right side has the
form [° Fg)(x)dFx (z).

Random generation shows that the system behaves similarly as in the non-
randomized case, and has the tendency to stabilize the intensity.
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Cost optimization problem. The goal s to find optimal 6 and A, for given other
parameters, if costs of failure and preventive repair are given. In our examples, it
was mostly possible to fix an optimal A to given §, while optimal ¢ to selected A
lied often close to complete or minimal repair degree.

Degradation process as a part of intensity model. When the degradation
process is just one of factors influencing the survival of the system, it is quite
natural to use it as a covariate in a regression model of failure intensity. In the
situation when such a factor is not observed directly, it is more appropriate to
use a model with latent component. In every case, it has a sense to consider
the intensity of failure having several parts, one of them expressing the influence
of the degradation process of the interest. Moreover, if the additive form of the
intensity model is used (as in the case of Aalen regression model for intensity), the
components stay separated even when integrated to cumulated intensity. Let us
therefore recall several basic regression models for intensities of failures:

1. In the additive (also Aalen’s) model, the total intensity is the sum of the
intensities of components, e.g. h(t) = hq(t) + ha(t).

2. In the multiplicative model h(t) = hi(t) - ha(t). The Cox’s model uses the
form h(t) = ho(t) - exp(B(z(t)), where z(t) is the regressor, i.e. in our case some
characteristics of the deterioration.

3. Accelerated failure-time model H(t) = Ho(V (t)) was already briefly recalled
here, too, in the connection with the model of growing virtual age.

The schemes of regression mentioned above offer different possibilities how to
model the impact of degradation and then of repairs.
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SYSTEM

PETR VOLF, ALES LINKA AND MAROS TUNAK

Key words: Breaking strength, load sharing model, latent variable, MCMC.
Particular aim: V03

The research deals with the reliability (survival, breaking strength) of a parallel,
non-equally load-sharing system. The objective is to model and estimate the
latent, unobserved variable characterizing this inequality, i.e. departures from
equal load sharing. The inspiration is the analysis of breaking strength of a textile
yarn, a bundle of fibers, where as a rule the fibers are warped so that the tension
in them differs.

We shall consider 3 different cases, analyzing the critical extension before the
break, critical breaking strength, and the relationship of both described by the
stress-strain curve.

Critical extension. In this part we assume that the break of fiber is connected
with its extension (measured e.g. in percents) and that from the experiments
with individual fibers we know the distribution (density function, distribution
function) of their critical extension t1 : fi1(t), Fi(t), say. Now, when parallel
system of M fibers is extended, we measure a variable ¢t — extension of the bundle,
but the actual extension of individual fibers is T; = t — Z;, Z; is i.i.d. sample
from a random variable Z > 0. We observe critical extension (when the 1-st
break occurs) T, which in the equal load sharing case with Z = 0 should equal
min; Ty; (j =1,..., M), but in our case it is min;(7y; + Z;), where Ty, are i.i.d.
copies of T7. Assume that on i = 1,...,n bundles we measure the extensions
to the first break, T'(7), we know the distribution of variable T}, and we should
find an “optimal” (best-fitting) distribution of Z. Denote it fz, Fz, resp., further
denote by fy, Fy, density and distribution function of variable Y = Ty + Z, by
fr, Fr the same for variable T, by F = 1 — F the survival functions.
Then

1) Fy<y>=/0m f1<t>ﬁz<y_t>dt:/0°° J2(2) - Faly — 2) dz,

where F of negative argument is taken as 1. Hence, for instance the first term can
also be written as [} f1(t) Fz(y — t)dt + F1(y).
Corresponding density is then

y y

) fet) = [ £ f2ly =Dt = [ £2) hly - 2)d,
0 0

and for the density of the minimum, 7", we obtain

(3) fr(t) = MFy ()™ fy (2).
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Hence, we can construct the likelihood £ =[]}, fr(T'(i)), depending on known
distribution of T3 and unknown distribution of Z. In the Bayes setting, we can
consider also a convenient prior.

Essentially, three cases can be distinguished. First, let us assume that the type
of distribution of Z is known (e.g. exponential), its parameter 8 unknown. We
then deal with standard optimization problem, maximizing either £(6;{T;}) for
MLE or L(0;{T;}) - g(6) for Bayes MAPE with prior ¢(0).

In the case of unknown distribution type for Z the simplest way is to consider
a certain form of nonparametric curve as unknown density. A frequent choice is
the mixture of Gauss distributions, for the distribution, or a linear combination
of Gauss curves for a curve modeling, with different means uj and equal variance
a2, either cut off at zero (because Z > 0) or used for the distribution of log Z. We
used a mixture of gamma distributions instead, for modeling the distribution of
Z.

The parameters of used units, i.e. of normal or gamma densities, and also
the number K of them should be optimized The case can be solved either by
repeating optimization for different K, then selection of optimal penalized one, or
by randomized search allowing for adding and deleting of units — this is one of
typical application of MH algorithm with changes of dimension (RJMH).

The third approach can try to generate a representation of variable Z directly
(i.e. the data augmentation approach). In such a case we repeat the following
steps:

i) Select randomly an index of bundle, ¢, and generate (from a prior, e.g. rhat
from method 2) some new values Zj;.

ii) Compute likelihood (just for é-th bundle: The survival function of the ex-
tension at the first break is Fr(t) = H]]\il F1(t+ Z;), hence the density has the
form fr(t) = Y pm; [l Fa(t + Z;) - fult + Za).

iii) Those densities, with old and new values of Z;, are now compared and ran-
domly accepted or not - this is a regular MH step, as the proposals were generated
from prior distribution. Naturally, sequential innovation of priors parameters (in
the case of other than uniform prior) can be considered, too.

We can also imagine that the distribution of T3 is given just empirically, by

observed values. Then, in (1) and (2) the first formulas, actually representing the
expectations w.r.to 77, will use arithmetic means instead.
Optimization with constraint. The situation is, as a rule, more complicated, be-
cause the extension is measured from the moment when at least one fiber is already
taut, i.e. minZ; = 0. In that case we try to identify the distribution of the re-
maining variables Z]’f‘ = Z; — min Z;, assuming that there still remain M — 1
random variables Z 7 >0, which represent certain distribution above minimum of
{Z;,j=1,...,M}.

Hence, the only change is that in (3) we obtain

frt) = L) Fy )M+ (M = 1) fy(t) Fy ()M - Fy(t).

Critical strength. In other instances we measure directly the breaking strength
or, equivalently, the resistance of a fiber, the stress in it, Again, let us assume that
the distribution of random variable S — the strengths breaking individual fibers, is
known. During the experiment with the bundle, we measure the sum of strengths
influencing the components. Let S be critical level, the overall strength when the
first break occurs. This S = Z?il S;, where S; are strengths per component. In
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the equal load sharing case S; = S/M, here we assume that S; = S/M + V;. It
follows that Zﬁl V; = 0. Similarly as in the preceding part, we, at the moment
of the first break, measure S, and it holds that S = S/M = min,;(Sy; — V;), with
constraint Z;Vil V; = 0. Let us assume certain prior distribution for r.v. V' (with
EV =0). Let us take for instance a ”constrained” distribution derived from the
Gauss one NV(0,0?) in such a way that if we wish to generate one representation
of variables V;, we sample Vi - - - Vj;_1 and shift them by their average. Then, for
given values of Vj, the distribution of S1; — V; is now just the shifted distribution
of S;. The distribution of S follows. Thus, for given {V};} and given distribution
of S; we are able to derive the probability of observed variables S;, i = 1,...,n.
The procedure sequentially generates and accepts or rejects the values Vj;, together
with updating parameter o2 of their prior. Finally, we obtain a sample representing
distribution V.

Relationship between strength and extension. From experiments with breaks
of ductile fibers the stress—strain curves are available. They show the development
of stress measured in the fiber and its dependence on the extension. In the region
of the fiber break, the curve is, as a rule, approximately linear, s; = a + [t; + €.
When the bundle of fibers is examined, we measure the extension of the bundle,
t, which actually is t1; + Z; for j-th fiber, and the total stress s = > s;j. Hence,

we have that
S:ZSU:MCM—FMﬂt—ﬂZZj—FZEj
J J J

from which a4 ft =5+ 3z — ¢, where 3, Z, € denote arithmetic means. It follows
that the stress per j-th component in the bundle can be expressed as

(4) 517 = 5+0z—E—Pzij+e;=

(5) = 3+ (B(Z—2)+e —8)=5+V]

The first break occurs when the left side equals the right side first time, i.e. for
(6) S = min (), — V).

Variables V]* represents the variables V; from part 2, and really EVJ* =0. It
is assumed that parameters «, 3 as well as distributions of S; and ¢ are known
from the analysis of individual fibers, while distribution of Z is identified by the
methods described in the part 1.

While in the case 1 the critical extension for the bundle was (stochastically)
larger than simple min; (71;), in the case 2, quite logically, the critical strength
breaking the bundle is stochastically smaller than min; (Si;). Except the analysis,
the method could serve for the prediction of breaking strength, on the basis of
individual stress — strain curves.
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Neves, Picek and Alves in 2006 constructed test for the null hypothesis that the
distribution comes from the Gumbel domain of attraction in location model. Let
Xn—tn < Xn—kt1n < ... < Xy is the selection of the largest observations from
a random sample. Then they suggested the following test statistic

Xpin — Xp—k:
(1) Tk:,n — - . n:n n—k:n
% Zi:l (Xn—i+1:n - Xn—k:n)
where an intermediate sequence k = k,, is thesequence of positive integers, k =
kn, — o0 as k,/n — 0, as the sample size n tends to infinity.

In this contribution we try to generalize that setup in regression context.

We consider the linear regression model

(2) Y, =X,8+E,
where Y,, = (Y1,...,Y,) T is a vector of observations, X,, is an (nxp) known design
matrix, 8 = (B1,...,34)" € RP is an unknown parameter and E,, = (Fy,..., E,)"

is the vector of i.i.d. errors with (generally unknown) distribution function F' with
unknown shape, location and scale parameters, belonging to some max-domain of
attraction. We assume that 3 is an intercept, that is, the first column of X,, is
(1,...,1)T.

Koenker and Basset (1978) defined the a-regression quantile 8(a) (0 < a < 1) for
the model (2) as any solution of the minimization

(3) Zpa(Yi —xit) :=min, te& RP,
i=1
where
(4) Pa(T) = 20 (), T € R" and Ya(z) = — I[z<0]7 z € R
Let Y3,...,Y, are observations obtained from the linear model (2). Define a

subsample of exceedances over some “high” regression quantile threshold

5) Z:= (¥~ XuBlex X, Y))

i.e. for some az, and it’s associated intermediate order sequence of k, such that
kn/n — 0 as n — oo and where X;, denotes i-th row of matrix X,,.
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Finally, the test statistics is

Zn—j+1:n - Xn—l:n .
1 :
% Zi:1 (anz#l:n - anl:n)

(6) Ty, :=max =1, Uk, X,Y)

Since the empirical regression quantiles form for o € [0,1] a step function in R¢
space (or similarly the estimates of intercept form a step function in R), it is ad-
visable to use only unique solutions of regression quantile process (,@(a))ae[o’l].
We obtain a sequence of high regression quantiles for oy, , as using described pro-
cedure. Then we follow the univariate i.i.d case.
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Necht X,..., Xg jsou nezdvisla pozorovani se spolecnou distribu¢ni funkci F,
kterd ma nedegenerovany pravy chvost. RozlisSujme dvé rozsahlé tiidy rozdéleni
pravdépodobnosti odpovidajici dvéma typim chvosta F':

e Ezponencidlni chvosty I (1. typ): pro F plati konvergence
—log(1—F
L~ log(1 - F(a)

=1
a—00 bar
pro néjaka b > 0 ar > 1.
o Tézké chvosty F' (2. typ): pro F plati konvergence

—log(l1 — F
L —log(l - F(a)
a—0o0 mloga

pro néjaké m > 0.

S rozsahlymi bloky dat, ktera se daji modelovat rozdélenim pravdépodobnosti

2. typu, se setkdme napt. v pojistovnictvi, ve financich, vypocetni technice a tele-
komunikacich. Proto se mnozi statistikové zabyvali moznymi odhady a jinymi pro-
cedurami o parametru m, zvaném Paretuv index nebo index chvosti. Nejznaméjsi je
Hilltv odhad (Hill (1975)), ale byla navrzena fada dalsich odhadu. Prekvapujici je,
ze az donedavna prakticky neexistovaly testy hypotézy typu H : m < myg, Ze nase
rozdéleni je tézsi nez Paretovo rozdéleni s indexem mg. Nékteré testy tohoto typu
byly navrzeny pomérné neddvno (Jureckova and Picek (2001), Jureckova (2003),
Fialova, Jureckova and Picek (2004), Jureckovd, Koul and Picek (2008)). Tyto
neparametrické testy jsou nestranné a dobre rozlisuji chvosty distribué¢nich funkci.
Pozdéji Jureckova a Picek (2004) zkonstruovali tfidu odhadéi Paretova indexu in-
verzi t&chto testl zpltisobem, ktery uzili Hodges a Lehmann (1963). Asymptotické
vlastnosti téchto odhadt plynou z asymptotické sily pifislusnych testi.

Tyto odhady, stejné jako testy, vychazeji z rozkladu mnoziny pozorovani na N
malych vybért velikosti n a na empirickych distribu¢nich funkci Fy vhodnych N
charakteristik téchto malych vybért; vyse zminéné c¢lanky uvazuji podvybérova
maxima, podvybérové priméry a pruméry dvou podvybérovych extrému. Jurec-
kovéa and Picek (2004) dokézali silnou konzistenci téchto odhadd pro nékteré volby
mezi v prislusném testu. Tuto silnou konzistenci nyni dokazujeme za obecnéjsich
podminek; dale za mirnych podminek na model dokazujeme asymptotickou norma-
litu odhadt. Asymptotika se uvazuje pro N — oo a pevné (i malé) n. Soust¥edime
se na odhad zalozeny na N podvybérovych maximech, ale stejnym zptsobem se
mohou uvazovat odhady zaloZené na dalsich podvybérovych statistikach.

S podporou M@OMT LC06024.
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Kromeé silné konzistence odhadu a jeho asymptotické normality studujeme jeho
vychyleni pfi kone¢ném N. Dale uvazujeme mozné zlepseni vlastnosti odhadu pri
koneéném N, napf. dosazeni jeho invariance vzhledem k méfitku pomoci vhodné
studentizace, a moznou redukci jeho stiedni kvadratické odchylky. Ucinnost téchto
modifikaci ilustrujeme na realnych datech.
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Nestrannost testti o vektorovych parametrech nebo o skaladrnich parametrech
proti oboustrannym alternativim pii kone¢nych poc¢tech pozorovani je oteviena
otéazka, ne ¢asto diskutovand v literatufe.

Absence nestrannosti je jesté vaznéjsim problémem pfi testovani v mnohoroz-
mérnych modelech, kde musime uvazovat, proti kterym alternativam je test ne-
stranny, ale které lze zaroven pfirozené interpretovat a jsou ve shodé s experimen-
tem.

Zde navrhujeme mnohorozmérné dvouvybérové testy, zalozené na poradich vzda-
lenosti mezi mnohorozmérnymi daty, s dirazem na jejich nestrannost a dalsi vlast-
nosti pfi koneénych poctech pozorovani. Jmenovité uvazujeme mnohorozmérné
verze Wilcoxonova testu, Psi-testu a Savageova testu, které jsou nejen konzis-
tentni, ale také nestranné a nezdvislé na rozdéleni pravdépodobnosti (distribution
free) pti kone¢nych vybérech, za hypotézy a za rozsahlé t¥idy alternativ typu po-
loha/méritko. Kazdy z téchto testi je lokalné nejsilnéjsi proti specifickym alterna-
tivam Lehmannova typu. Tyto testy srovnavame s testem Kolmogorov-Smirnovova
typu zalozeného na vzdalenostech dat a s testem Wilcoxonova typu zaloZenym na
potadich hloubek (depths), ktery navrhli Liu a Singh (1993). Numericky srovné-
vame sily testi, véetné Hotellingova, proti nékterym alternativam.
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TESTING THE STABILITY OF THE FUNCTIONAL
AUTOREGRESSIVE PROCESS

MARIE HUSKOVA

Particular aim: V03

The talk concerns test procedures for detection of a changes in a functional au-
toregressive process. Particularly, we consider the functional time series X;11 =
U, X;+¢;,1=1,...,n, where X; are observations, ¢; are i.i.d. errors and ¥; are
operators. We test develop a test procedure for testing no change in ¥; versus ¥;
is changing at an unknown time point. The developed CUSUM type procedure
uses functional principal component analysis it is constructed to have a well-known
asymptotic distribution, but asymptotic justification is very delicate. Theoretical
properties are investigated.

Finite sample performance is examined by an application to a data set. Partic-
ularly, we work with a data set studied in Laukaitis and Rackauskas (2002) that
consist of detailed records of transactions made with credit cards issued by Vilnius
Bank, Lithuania. The studied functional time series is the count of transactions
in a one minute interval starting at minute ¢ on day n =1, 2,...200.

Joint paper with Lijos Horvath Piotr Kokoszka.
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ESTIMATION OF THE FRACTION OF FALSE HYPOTHESES

LEV B. KLEBANOV, B. SHOKIROV

Keywords: hypothesis testing, false hypothesis, p-value, empirical distribution
function, consistent estimator, unstable estimator
Particular aim: V06

1. THE PROBLEM

Let us have samples ij),...,X,gj) from distribution function (df) F; and
Yl(j),...,Y,Ej) from df G;, j = 1,...,m. Testing hypotheses Héj> : Fy = Gy,
j=1,...,m we would like to estimate the number k of false hypotheses. Since
the total number of hypotheses is equal to m, then the ratio k/m will be equal to
some constant m. Then the problem will be reduced to estmating 7. If by using
some test we obtain p-values, then p = 7F + (1 — 7)G.

Let us p-values have df G(z) under the null hypotheses and F(z) under the
alternative and let F(xz) > G(z) Vz € [0,1]. If the share of true hypotheses is
1 — p then we can assume that the observed p-values is distributed as Hp(z) =
pF(x)+ (1-p)G(z), z€][0,1], (pe€]0,1]). Here H,(x) is a observable df and
G(z) is known. We would like to estimate p by the sample X7, ..., X,,. Obviously,
on such setting the problem has no solution. Therefore, we do some suggestions
under which the solution whould be possible. Namely, we suppose that

(A1) F(z) > G(z),Yz € [0,1]

and
(A2) suppF C [0,1—¢], forsome §>0.

2. DIFFERENT APPROACHES TO ESTIMATE p-VALUES

Let (A1) and (A2) are satisfied.
I. For all 0 < 2 <1 we have

Hy(z) — F(z)
1-G(x)

If H, (z) is an empirical df (edf) then we can define
Hym(2) — F(x)

1—-G(x) '

Dy, is a consistent estimator of p, however, is not stable.
II. Another similar approach is as following ([2,3]):

Hy(x) = pF'(z) + (1 = p)G'(2)-

By virtue of (A2) F'(x) = 0 for z € [1 —§,1], so H)(z) = (1 — p)G'(z) for
x € [1-4,1]. We have to estimate H,. For this goal we take H), ,, (edf) and smooth

(1) sup

x

=p.

(2) Py, = SUD

x
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it (by convolution or by another process). It is clear that Hp ,,(z) = pFp,(z) +
(1 —=p)Gn(z). For z € [1,1 — 0], Fn(z) = 1, but the smooth approximation of
F,, may not be equal to 1 for z € [1,1— §]. Usually the smoothing process causes
some approximation errors such that the derivative of smoothed F,,, may not be
equal to zero in the interval [1,1 — §]. Thus, methods I and II possesses some
degree of unstability, which makes their application quite limited. It is clear that
([1]) dependency between tests increases unstability of the estimators.
ITI. Now consider

The quantity
(3) max | Hy(z) - G(x)

represents the low bound for the share of false hypotheses and to show this we do
not use neither (A1) nor (A2). Of course the validity of (A1) guarantees that

max (Hy(x) — G(x)) = max | H,(x) ~ G(w)|,

but this is not so important. However, the property (42) now plays important
role. Namely, max, |F(z) — G(z)| > 1 — G(1 — §), therefore

(4) p(1 — G(1 - 8)) < max |Hy(z) ~ G(x)| < p.

3. THE PROCEDURE OF TEST PERFORMANCE

Let we have slides with microarray data. Devide slides into K groups. For every
group conduct the testing procedure and calculate p-values. Next, for the gene
number 1 (i.e., for the first hypothesis) choose randomly (from disctere uniform
distribution {1,..., K}) the group number and prescibe to the first hypothesis
(gene number 1) the p-value calculated for this group. For the gene number 2
repeat the same procedure but with new random choice of the group of slides.
This procedure will be repeated for all genes. Next, apply (4) to all p-values
obtained this way, more exactly, we take

max |Hp,m () — G(x)]

as a estimator of p. If we have n slides, then the number of groups K = [/n] and

the number of slides in each of group equals to [7].
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ROBUSTNI REGRESE A EKONOMETRICKE APLIKACE

JAN KALINA

Klicova slova: heteroskedasticita, instrumentalni proménné.
Diléi cil: V02

Préce v oboru robustni regrese a jejich aplikacich patii do dil¢iho cile VO2. Pro
robustn{ regresni metodu Least Weighted Squares (nejmens{ vazené ¢tverce, LWS)
jsme studovali vypocetni aspekty a rychlost vypoctu pro velké datové soubory.

Dale byly odvozeny asymptotické diagnostické nastroje pro metodu nejmensich
véazenych ¢tvercu, mezi néz pati{ Durbintuv-Watsonuv test nezdvislosti ndhodnych
chyb v linearnim regresnim modelu a také nékteré testy heteroskedasticity. Tyto
jsou odvozeny z asymptotické reprezentace pro odhad metodou LWS. Ukazuje
se, ze tyto diagnostické nastroje ve své klasické verzi pro metodu nejmensich
¢tvercu jsou asymptoticky platné a pouzitelné také pro rezidua odhadu metodou
nejmensich vazenych ¢tvercu.

Dalsi aplikaci jsou potom robustifikace dvou metod pro statistické odhadovani
parametru v linedrnim regresnim modelu, které jsou ve své klasické formé po-
puldrni v ekonometrii. Jednou z nich je metoda instrumentalnich proménnych pro
takovou situaci, kdy ndhodné chyby sice nejsou nekorelované s regresory, ale jsou
k dispozici dalsi instrumenty, které s nimi jsou nekorelované a zaroven jsou do-
statecné korelované s regresory. Druhou aplikaci je takova modifikace robustni
regrese, kterd zajisti eficienci pii heteroskedasticité a umoznuje také odhadovat
rozptyl odhadu regresnich parametru. V obou ptipadech jsme studovali robustni
piistupy zalozené na myslence pfitadit mensi vahy méné spolehlivym pozorovanim
s malymi hodnotami rezidui.
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APLIKACE KLASIFIKACNI ANALYZY
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Diléi cil: Vo1

Prazské pobocka Centra Jaroslava Héjka pro teoretickou a aplikovanou statis-
tiku se podili také na ¢innosti v oblasti aplikované statistiky.

Ve spolupréci s dr. Daniclem Svozilem a dr. Bohdanem Schneiderem z Ustavu
organické chemie a biochemie AV CR vznikl élanek [1] o konformacich DNA a kla-
sifikaci jednotlivych vzorku DNA na zdkladé ¢etnosti jednotlivych dinukleotidu ve
vldkné DNA. V soucasné dobé spolupracujeme na klasifika¢n{ analyze vzorki DNA
opét do jednotlivych konformaci, tentokrat na zakladé torznich ihli méfenych
mezi atomy v molekule DNA. Zde se jedné o klasifikaci cirkuldrnich dat, protoze
klasifika¢ni pravidlo je zaloZeno na hodnotéach dhlu v intervalu od 0 do 360 stupnu.

V rémci ¢innosti Centra Jaroslava Héjka dokonéil J. Kalina dizerta¢ni praci [2],
ktera se zabyva automatickym hleddnim objektt v obrazech obli¢eju za pomoci
Sablon. V préci je navrzena a implementovana metoda pro optimalizaci Sablony
a také optimalizaci vah pro vazeny korelaéni koeficient. Smyslem optimalizace je
zvysit diskriminaci mezi ¢dstmi obrazu prislusejicimi Sabloné a ostatnimi ¢astmi
obrazu. Optimalizace bez dodateénych omezeni ovsem ma tendenci degenerovat,
zatimco dodateéné omezeni vlivu jednotlivych pixeli vede k ziskdni robustniho
feSeni. Vysledky jsou srovnany také pro ruzné pocatecéni velikosti ¢i rotace obliceje.
Navrzend metoda pritom neuziva specidlni vlastnosti obliceju a lze ji popsat jako
obecny pristup k robustni neparametrické diskriminaci pomoci $ablon.
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